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 Geometrical modeling is the first step for constructing a 
virtual environment.

 The key points in geometrical modeling include: developing 
model database, multiresolution modeling, model 
optimization, model compression, model base retrieval, file 
format transformation, etc.

 The methods for constructing geometrical models include:
(i) using 3-D digitizer, laser range scanner,…
(ii) passive stereo vision method (using two or more images),
(iii) software (e.g., autoCAD, Maya) for free-handed modeling,
(iv) using commercial model database (e.g., Viewpoint),
:

5.1 Geometric modeling

 Techniques concerning in constructing a virtual environment 
include: geometrical modeling, model rendering, animation, 
physical modeling, force feedback, etc.
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5.1.1 Model representations

 Three (levels of) model representations have been used:
wire-frame, surface, and solid representation.

Wire-frame representations are simplest, but ambiguous; 
thus the representations are seldom used now. 

A wire-frame model. Ambiguous presentation.
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 Three common-used solid representations are: 
voxel, constructive solid geometry (CSG), and octree 
representation.

Voxel representation.          A CSG-tree representation.
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Octree

 Octree representation

 Solid representation involves far more data than surface 
representation for representing objects. It is seldom used in 
the applications of virtual reality. 
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X
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 Common-used surface representations:
(i) regular square grid meshes (RSG),
(ii) triangulated regular meshes (TRM),
(iii) triangulated irregular networks (TINs), 
(iv) polygon meshes,
(v) Parametric patches (e.g., B-spline or Bezier patches)

Regular square grid meshes      Triangulated regular meshes 
(RSG)                                          (TRM)
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Polygon meshes                   B-spline patches

Triangulated irregular networks (TINs) 
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 Bezier curves
 Cubic Bezier curve

 A (general) nth-order Bezier curve p0

p1

p2

p3
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Bezier surfaces
Biparametric cubic Bezier surface
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B-spline curves
Cubic B-spline curve

A (general) B-spline curve with degree k-1
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B-spline surfaces
B-spline surface with (n+1)(m+1) control points
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 Comparisons
Precision and process speed are trade-off for various 
representations.

 Parametric patches (e.g., Bezier, B-spline surface) are 
suitable for animation and deformation applications; 
however, they are processed time-consuming. 
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 Triangulated meshes are characterized by triangular 
subdivisions of the domain, while regular square grid 
meshes are characterized by rectangle subdivisions of the 
domain.

 A triangle is the simplest geometric object that is easily 
manipulated and rendered. 

 The three vertices of a triangle are always co-planar, and 
triangle is the polygon with minimal sides, so it will reduce 
the calculation efforts while rendering or other geometry 
operations and largely improve the overall performance. 

 In spite of the simplicity of RSG or TRM, TINs provide a 
more appropriate and flexible data structure to adapt the 
changes in roughness of objects. Surface specific vertices 
(peaks, pits, passes) and lines (ridges or valleys), which 
characterize the surface, can be involved in a TIN as 
vertices and edges.
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 Contours (地形等高線)
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A Delaunay triangulation is the dual of a Voronoi diagram.
A Voronoi diagram is one of the fundamental data structures in 

computational geometry.
Computational geometry is concerned with the design and 

analysis of algorithms for geometrical problems.
By the definition of [Preparata and Shamos]. Let S denote a set of 

n vertices (called sites) in a plane, for two distinct sites p, q  S, 
the dominance of p over q is formally defines as

where  is a Euclidean distance function, and the region of a site        
p  S is formally defined as 

Since the regions are obtained from intersection of (n - 1) half 
planes, they are convex polygons. Thus the boundary of a region 
consists of at most (n - 1) edges (maximal open straight-line 
segments) and at most  (n-1) Voronoi vertices (their endpoints).
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 How to divide the administer areas for the police 
stations ?
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Each point on an edge is equidistant from exactly two vertices, 
and each Voronoi vertex is equidistant from at least three 
vertices. 

As a consequence, these regions form a polygonal partition of the 
plane. This partition is called the Voronoi diagram V(S) of the 
finite vertex-set S as shown in

 It should be observed that in a Voronoi diagram, each Voronoi 
vertex is the center of a circle that passes through at least three 
sites but encloses no sites.

Vertex
Voronoi vertex
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 This observation can let us to define the Delaunay triangulation 
much easily.

 The Delaunay triangulation contains an edge connecting two sites 
in the plane if and only if the site Voronoi regions share a common 
edge [Aurenhammer, 1991]. 

 The structure was introduced by Voronoi in 1908 for sites that 
form a lattice and was extended by Delaunay in 1934 to irregularly 
place sites by means of the empty-circle method: Consider all 
triangles formed by the sites such that the circumscribed circle of 
each triangle is empty of other sites. 

 The set of edges of these 
triangles gives the Delaunay 
triangulation of the sites as 
shown in
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 It is first observed by Sibson (1977) that a Delaunay 
triangulation is locally equiangular.

 This property named max-min angle criterion holds 
when, for two triangles whose union is a convex 
quadrilateral, the replacement of their common edge by 
the alternative diagonal does not increase the minimum 
of the six interior angles concerned.

 Actually, the Delaunay triangulation is the only one with 
this property. This property is useful in finite element 
and interpolation methods. This property is also a good 
criterion to implement the Delaunay triangulation. 

 The Delaunay triangulation can be applied to find 
certain linear combinations among its sites. This 
property can be used to smooth the surface defined by 
the triangles composed of irregular vertices.
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 Summarizing above surveys, we give a conclusion to 
explain why we use Delaunay triangulation to build TINs for 
terrain visualization.
(i) Delaunay triangulation provides a good behavior in 

numerical interpolation. If we want to interpolate the 
coordinates of new vertices in a TIN, we can get more 
accurate values from a Delaunay triangulation than other 
triangulations. A Delaunay triangulation can guarantee 
most of its triangles are equilateral triangles; that is, sliver 
triangles can be avoided well. Fewer sliver triangles will 
improve the interpolation precision.

(ii) Among all possible triangulations, a Delaunay 
triangulation is the one that minimizes the roughness of 
the approximating terrain. This feature can generate a 
better approximation of the terrain than other 
triangulation [Sibson (1977), Rippa (1990)].
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5.1.2 Triangulation
 The generation of TINs can be reduced to the problems that 

subdivide the domain of DTMs into triangular patches. We 
call a triangulation as the result of triangulating the domain 
of a DEM.

 There are many kinds of algorithms to triangulate a surface 
with a set of vertices. The Delaunay triangulation is usually 
selected as the domain subdivision to generate a Delaunay 
TIN (DTIN). 

 There are many kinds of algorithms to triangulate a surface 
with a set of vertices.

 Triangulation algorithm are generally fallen into two 
categories:
i. to triangulate surfaces such as polygons and vertices are 

projected on a 2-D plane, and
ii. to triangulate surfaces in a 3-D space directly. 
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 Many works have been done in the first category, primarily in 
the area of computational geometry. Most of these 
algorithms seek either to generate equiangular triangulation 
or to reduce computational complexity. A Delaunay 
triangulation is widely used in this category. These methods 
are almost similar; only a little difference in a few steps for 
improving computational performance in these methods. 

 Palacios-Velez and Renaud (1990) suggested a good 
hierarchical data structure to solve delete-vertex problem 
which was used while they wanted to reduce the number of 
vertices of a DEM. Their structure also improved the search 
performance while searching for vertices to be deleted. 

 Tsai (1993) used an optimized convex-hull constructing 
algorithm to find the convex hull of a DEM. Then he modified 
the classic triangulation algorithm and claimed that his 
algorithm has the time complexity O(n),  while the classic 
algorithm has time complexity  O(nlogn) which was proved 
by Preparata and Shamos (1985).
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 Fang and Piegl (1993) used their own “circular growth” 
procedure to triangulate DEMs. They took vertices into “grid 
cell” first to speed up the searching performance. During the 
“circular growth”, they found the best suitable vertex within 
the nearest grid cells first, if no one was suitable, they kept 
on searching the grid cells outwards until one vertex hit. 
They claimed the execution time of their algorithm is also 
linear. However the claim is based on the experiments, not 
on the formal mathematical proving. 

 Scarlatos and Pavlidis (1992) adopted with cartographic 
coherence to approximate 3-D terrain models. Their 
algorithm is 2-D, but they used 3-D information, like pits and 
peaks, extracted from the pictures to lower the error of the 
resulted TIN.

We give a detail introduction to the known algorithms which 
have been suggested to generate triangulation and 
Delaunay triangulation. We elaborate them and have a 
conclusion for comparison.
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A. Greedy triangulation

 First, we have       edges that are not yet triangulated. 
Then we pick one edge and check if it intersects others 
that are already in the triangulation. If it intersects one, 
remove it or add it into the triangulation. 

 This method is the most intuitive method to construct a 
triangulation, but its worst case has time complexity 
O(n3). For its bad case, it can not guarantee the 
resulted TIN is a Delaunay triangulation and may result 
in bad approximation of the original object.
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 Give a procedure of greedy triangulation
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B. Divide and conquer
 All algorithms in this method are recursive. The first 

algorithm was suggested by [Shamos and Hoey] to 
construct a Voronoi diagram.

 They divided n points into two subsets by a random vertical 
line, then computed these two subsets recursively and 
obeyed the Voronoi diagram criterion. Finally, these subsets 
were merged.

 The algorithm can construct a Voronoi diagram that is worst-
case optimal in time complexity O(nlogn) since a Delaunay 
triangulation is the dual of the Voronoi diagram, and it is 
easy to convert a Voronoi diagram to a Delaunay 
triangulation.

 The approach has a few disadvantages. Its implementation 
details are somewhat complicated, especially for dividing 
the subsets and merging these divided subsets.
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C. Insert vertices one by one
 As the title expresses, vertices are inserted in sorted or 

random order during constructing a triangulation.

 This kind of algorithms is widely accepted by major users. 
Among the known algorithms, we conclude several 
essential and optional steps that will affect the overall 
performance.
(a) Store vertices in buckets

This step is optional. Larkin (1991), Tsai (1993), and 
Fang and Piegl (1993) all stored vertices in buckets
(grid cells) in advance according to their x and y
coordinates. They all claimed this procedure will 
improve the searching performance while searching a 
desired vertex to be deleted or inserted to construct the 
triangulation.
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(b) Find initial super-triangles
It is essential to all known algorithms of this kind. Fang 
and Piegl (1993) and Palacios-Velez & Renaud (1990) 
both used a large triangle that covers all vertices as their 
super-triangle. Tipper (1995), Tsai (1993) and Macedonio
& Pareschi (1991) found a convex hull of all vertices, 
then divided it into several adjacent Delaunay triangles 
as their super-triangles. The shape and size of initial 
super-triangles will not affect the performance too much 
to reduce the total computational performance.

(c) Insertion order
Random or pre-defined orders are possible. Most of the 
algorithms insert vertices in random order. Aurenhammer
(1991) said “by introducing a suitable ordering of the 
vertices, the expected time to find a region the next 
vertex falls in and for integrating the new region can be 
lowered to O(1). This gives an expected runtime of O(n).”
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(d) Re-triangulating procedure
This procedure is essential, and differs from 
method to method (i.e., max-min angle criterion
or empty-circle method).
(d1) max-min angle criterion

At first, triangulate the triangle that covers 
the inserted vertex. Then, take any two 
adjacent triangles that form a quadrangle. If 
this quadrangle disobeys the max-min 
angle criterion, then replace their common 
edge by alternate diagonal. Following the 
last step iteratively until every triangle is a 
Delaunay triangle. One example is given as 
follows.
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As shown in Fig.(a), we insert a new point p and connect to 
vertices of the enclosing triangle, then apply max-min angle 
criterion and swap diagonals. The shadowed area indicates 
the quadrangles violet the max-min criterion and their 
diagonals should be swapped.
Fig.(b) indicates that after swapping the diagonals, max-
min criterion is satisfied, and a Delaunay triangulation is 
constructed. Macedonio-Pareschi’s algorithm (1991) 
belongs this kind, they also used bins (grid cells) to 
increase the criterion checking speed.

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 32

(d2) empty-circle criterion
After finding initial super-triangles, we insert vertices in 
random or predefined order. One example is given as 
follows. 
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After each insertion, we
i. search for all existing triangles whose circumcircles 

enclose that vertex. As shown in Fig.(a), insert a new 
point p, and connect to vertices of the enclosing triangle. 
The shadowed triangles indicate their circumcircles 
enclose vertex p in Fig.(a)

ii. delete all edges shared by those triangles as shown in 
Fig.(b), and 

iii. add new edges to join the new vertex to all the affected 
triangle vertices as shown in Fig.(c). Following these 
three steps until all vertices have been inserted or the 
predefined measurement has been reached. At last, a 
Delaunay triangulation is constructed as shown in Fig.(d). 

 Tsai (1993) used this method and adapted with data buckets to 
estimate expected linear time.

 Fang and Piegl (1993) used this method, data buckets and his 
new idea, circular growth, to estimate expected linear time (O(n)).
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D. Triangle searching
During triangulating, we need to find the triangle that 

contains inserted vertex. In general, it is still time-
consuming. Here we proposed a search method that is 
based on the outer-product to speed up the search 
performance. The basic idea is to guide the search 
toward a direction which contains the desired triangle.

 First, we suppose that three vertices: a, b, and c, of a 
triangle are organized as an ordered triple (a, b, c), and 
these three vertices are arranged in a counterclockwise
direction as shown in
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We define the outer product of the order triple (a, b, c) as
D(a, b, c) = ((yb – ya) (xb - xc) – (xb - xa) (yb - yc))

to justify whether a vertex locates inside a triangle formed by 
vertices a, b, and c.

 If we meet the situation as shown in  

a vertex v is inside a triangle which is composed of three vertices 
v1, v2, and v3, then  D(v1,v2,v) > 0, D(v2,v3,v) > 0, and D(v3,v1,v) > 0. 
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All other different situations are shown in the figure 

For example, a vertex v locates outside the triangle as shown 
above, then   D(v1,v2,v) < 0, D(v2,v3,v) > 0, and D(v3,v1,v) > 0.
Thus we can use the equation to justify the insert point 
location relative to the triangle, then sequentially to find out 
the inserted triangle.

v(x, y)

v2(x, y)

v1(x, y)

v3(x, y)

D12 < 0
D23 > 0
D31 > 0

D12 < 0
D23 < 0
D31 > 0

D12 > 0
D23 < 0
D31 > 0

D12 > 0
D23 > 0
D31 < 0

D12 > 0
D23 < 0
D31 < 0

D12 < 0
D23 > 0
D31 < 0
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E. 3-D triangulation

 In the second category, Fang and Piegl (1995) did not split 
the 2-D domain first to obtain a TIN but they triangulated 
the 3-D vertices directly and obtained a set of tetrahedrons
instead of a set of triangles. Then they chose the faces on 
each tetrahedron that are adjacent to form the terrain 
surface. Their algorithm can be seen as a 3-D version of 2-
D triangulation. 
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5.2 Multiresolution modeling
 In most case, we need to display a complex scene with 

a general frame rate.  However, the geometrical 
complexity of the scene is far exceeding the capability of 
a general computer. Using multiresolution models is one 
way to reach the real-time display for a complex scene.

 For some visualization applications such as flight 
simulation, the different resolution models are 
constructed, then we show a coarser (lower-resolution) 
model while the viewpoint is at a larger distance from 
the model and a finer (higher-resolution) model while 
the viewpoint is at a smaller distance.

 All the following terms have the same meaning:
multiresolution modeling, level-of-detail generation, 
model simplification, model decimation, model re-tiling, 
(hierarchical) pyramid modeling, data pyramiding, etc.
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 Comparison factors for multiresolution modeling
i. less or more processing time,
ii. less or larger storage amount,
iii. simplification by one-by-one deletion or subdivision,
iv. off-line or on-line change of different resolutions,
v. continuous or discrete resolutions,
vi. view-dependent or view-independent modeling,
vii. smooth or non-smooth change of models

(i.e., popping effect; it can be partially solved by geomorph)
viii. fixed or non-fixed frame rate,
ix. arbitrary triangulated or regular triangulated structures,
x. local or global change of multiresolution models

(Delaunay or non-Delaunay triangulation),
xi. hierarchical or non-hierarchical multiresolution model 

structure (vertex hierarchy or region hierarchy),
xii. uniform or non-uniform simplification,
xiii. compatible with dynamic loading or not,
xiv. delete a point, an edge, or a triangle in a simplification step.
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Boeing 747

Level 6: 200 triangles
Level 5: 400 triangles

Level 4: 600 triangles
Level 3: 800 triangles

Level 2: 1,000 triangles
Level 1: 1,200 triangles  

Far                                                             Near
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 Simplification or decimation algorithms are used to generate 
multiresolution models at different detailed levels and then 
different resolution models are selected to display for 
different situations such as distance or view scope.

 Applications that use the surface model for analysis must 
provide fast spatial search. We must also avoid slivery 
triangles, long and thin triangles, which cause visual artifacts 
and lead to bad interpolation result. Moreover, the models 
must be constructed automatically to minimize the costs of 
human efforts. 

 Four kinds of multiresolution models are usually used:
(i) discrete layered multiresolution models,
(ii) hierarchical multiresolution models,
(iii) progressive multiresolution models, and
(iv) view-dependent multiresolution models. 
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5.2.1 Discrete layered multiresolution models
 A discrete layered multiresolution model consists of a 

collection of independent models at different fixed 
degrees of resolution.

 A pyramidal multiresolution model is a layered 
multiresolution model by adding interference links 
between layers to support complex operations for 
manipulating and visualizing the models, like efficient 
geometric query processing, browsing over the surface 
and across different resolutions, distributed storage of 
large datasets, variable resolution rendering, etc.

 In this kind of structures, k models, M1,… Mk, at 
different levels of detail are generated. While the 
display system want to change a model with different 
levels of detail, another resolution model is loaded to 
replace the old one, as one example shown below.
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A TIN terrain model with 
5774 polygons.

A TIN terrain model with 
2889 polygons.

 A sequential (a layered or a pyramidal) 
multiresolution model has the advantages of 
simple and easy implementation.
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 A discrete layered multiresolution model has the 
disadvantages
i. involve a tremendous amount of storage with many 

representations of the whole model, though only 
some parts of they might have changed between 
two different resolutions of representation, and

ii. just show a few degrees of resolution, doesn't span 
a continuous range of resolutions.

 It is possible to have new vertices introduced into 
coarser models for different algorithms. It means that 
the vertices of a coarse model is not necessarily a 
subset of a fine model. In order to display smoother 
virtual scene, the vertices of a coarse model is 
restricted to be a subset of a fine model.

 In 1990’s, many discrete layered multiresolution 
modeling methods were proposed. 
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A. Re-tiling technique
 Turk (1992) used a re-tiling technique to obtain a sequence 

of models at different levels of detail. His experimental 
results looks so good but he claimed that it will only applied 
to the smooth models. For the terrain models, which is full of 
pits and caves, will not have good results.

B. Physical-based technique
 Hoppe et al. (1993) defined a set of functions based on 

physical features and minimal energy functions to define the 
importance of each vertex. They used a relaxation procedure 
to calculate the criterion value for each vertex. The 
disadvantage of this method is that the energy functions are 
case by case; and it also needs users to define the stop 
criterion for the relaxation procedure, and the procedure is 
still case by case. 
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C. Distance-based refinement

 Schroeder et al. (1992) and Floriani & Puppo (1992) used 
the distance between a vertex and its average projection 
plane as the criterion function as shown in

d
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 They classified the vertices into five classes: simple, 
complex, boundary, interior edge, and corner. The “simple” 
and “boundary” classes are the only vertices can be 
deleted. The criterion function can only be used on vertices 
in these two classes. Boundary vertices , a little bit different 
from other classes, use the distance from vertex to 
boundary edge as criterion as shown in
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where     is the vertex coordinate represented in vector form. 
An average projection plane is constructed using the triangle 
normal     , centers     , and areas Ai  as 

,             , and                     .

 In this case, the algorithm determines the distance to the 
line defined by the two vertices creating the boundary. 
[Schroeder et al.] defined the point importance d as 
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D. Angle-based refinement
 Schröder and Roßbach (1994) calculated the angle 

difference between the normal of average plane and the 
normal of each triangle surrounding the vertex. The normal 
of each triangle is weighted by its area. Besides, a 
boundary vertex and an inner vertex have different criterion 
functions. To calculate a vertex importance by the 
roughness among its neighboring triangles, a tangent 
surface ST is placed through the vertex p that is examined 
as shown in

p
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 The orientation of ST follows a normal nav at p that is 
computed by averaging the surface normal ni of the 
triangles surrounding p weighted with their areas Ai as 

where
is the average normal determining the orientation of the 
tangential surface ST at vertex p, 

tno is the number of triangles surrounding the examined 
vertex p,
is surface normal of triangle i, and

Ai is the area of triangle i.

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 52

 Finally the maximum angle amax between the average normal   
and a surface normal      of the surrounding triangle is 

found as 

.

 The maximum angle amax defines the importance of vertex p. 

 Model simplification is processed to delete less-important 
vertices. Two deletion strategies can be used
i. the vertex whose maximum angle is less than a

pre-defined threshold value is removed.
ii. removing m least-important vertices.
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When vertices at boundaries of the mesh are examined, 
amax is computed slightly different. Here, the 1 and 2
which come from dot product of the edges into p and the 
tangent edge ET as shown in

must be considered to determine amax as
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5.2.2 Evaluation criteria
We used the triangulation algorithm proposed by Palacious-

Velez and Renaud (1990) to triangulate a set of vertices and 
to generate a Delaunay triangulation.

 Four evaluation criteria were used to compare the 
performance of different approaches.

 Retriangulation strategies
i. Local retriangulation to form a non-optimal 

triangulated mesh.
ii.Global retriangulation to form a Delaunay 

triangulation mesh.
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A. Average absolute difference in elevation

 The average absolute difference is defined as
with ei = , i = 1, 2, …, n,

where 
is the elevation of the 
i th original vertex,
is the interpolated 
elevation of the i th 
original vertex, and

n is the number of vertices.

 This value is used to evaluate how close a coarser model 
can approximate the original one. The smaller the value is, 
the more precisely the model approximates.
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B. Root mean square error (RMSE)
 The root mean square error

is used to evaluate the numerical distribution of elevation 
difference.

 It can assist users to check whether almost elevation 
differences have the near value or not.

 A smaller RMSE means that most elevation difference are 
very near, while a larger RMSE means that elevation 
differences may differ from each other largely. 

 We should note that RMSE does not involve the spatial 
information of elevation differences into consideration
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C. Distribution of difference in elevation

 The spatial distribution of elevation differences is first 
considered by Lee (1991). He used the Moran index to 
measure how clustered or how random the differences in 
elevation distribution; this index was used to generate two 
values: randomization and normality.

 Compared with RMSE, the Moran index considers spatial 
information of elevation differences.

 According to randomization and normality, we can roughly 
know how the vertices to be deleted distributively.

 In general, we hope that the vertices to be deleted can 
distribute all over the original terrain, not only cluster in a 
specific area.
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 Moran index (MI) is defined as :

where
n is total number of original vertices,

, and
dij denotes the distance between the ith and jth vertices. 
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 A larger randomization value means that the difference in elevation 
distributes much randomly; this situation may result from the vertices to 
be deleted cluster in a small area on the original terrain model, while a 
smaller randomization value means that the vertices to be deleted may 
distribute all over the original terrain model.

 Randomization (Zr) indicates the significance of randomization of 
the spatial distribution of elevation differences. 

The definition of randomization is :

where
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 Normality (Zn) indicates the significance of normality of the 
spatial distribution of elevation differences.

 As [Lee] claimed, a smaller normality value means that the 
same elevation difference may cluster in some area, it also 
means that the vertices to be deleted may distribute all over 
the original terrain models.

 The definition of normality is:

where
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D. Average sliver
 The concept is that the triangle is as equiangular as 

possible, the interpolation will be more accurate. So we 
define a new weight value, sliver, as

sliver (T) = P 2 / A
where   P = perimeter of triangle T, and

A = area of triangle T.

 For an equiangular triangle, its sliver is a constant 20.78. 
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 So we normalized the sliver
normalized_sliver (T) = sliver (T) / 20.78 .

We include this value to check how equiangular the 
triangles is in a TIN. If the value is approaching 1, we can 
think that triangles in the TIN are more like an equiangular 
triangle; otherwise these triangles may have thin and long 
shape. The average sliver is defined as

Average sliver =

where S1, S2,……., Sn are the sliver of the triangle t1, t2,., tn
in a TIN.
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5.2.3 Hierarchical multiresolution models
 In this kind of structures, a model at several levels of detail 

is organized in a single hierarchical structure.  That is, a 
node in the hierarchy stores a part of the model at a certain 
level of detail and all models at different levels of detail are 
stored in the same storage space.

 Generally, we call this hierarchy as a hierarchical surface 
model and the terrain models we discuss is called the 
hierarchical terrain model (HTM).

 Compared with the sequence structure, when the viewer 
changes his position, the display system only change the 
resolution of model in a small area, need not to change the 
whole model.  Hence, it can reduce the loading time and 
makes real-time display possible; however, it will takes 
much more memory than ever to store the extra information 
for this feature. 

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 64

 HTMs provide a variable resolution method for representing 
a terrain model according to a pre-defined criterion or a pre-
defined geometry shape subdivision. Based on these 
criteria and subdivisions, a recursive decomposition is 
processed on the terrain domain to generate a sequence of 
increasingly finer tessellations.

 The models that represent the same terrain with different 
levels of detail are chained as a hierarchy in which its root 
has the lowest detail and its leaves have higher detail than 
its ascents. The relationship between parent nodes and 
child nodes have many choices and hence many algorithms 
are developed for this purpose.
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 In application of a hierarchical structure, users have to traverse 
this hierarchy to extract the desired level of detail. Two 
hierarchical structures are discussed: tree hierarchy and non-tree 
hierarchy.

 It is easy and efficient to implement a tree hierarchy by using any 
known tree-traverse algorithms to find a desired node, whether a 
depth-first search or width-first search can be used.
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A. Floriani's Delaunay triangulation pyramid (1989)
 The pyramid consists of an ordered sequence of Delaunay-based 

TINs, each of which contains an increasing number of points and 
provides a more accurate surface description.

 Any two consecutive TINs are connected by a set of links which 
join the triangles changed between two levels.

 Unfortunately, it is not a tree structure and results in a bad search 
performance, since a triangle belonging to the triangulation at a 
given level i can intersect a portion of the domain covered by 
several triangles in the triangulation at level i+1. 

 Further, the method uses many extra memory to store the 
relationship among connected nodes in the pyramid.

 For a hierarchical terrain model, the searching performance is the 
most important, because we usually need to search the proper 
nodes to replace the current one; hence, a tree structure is 
needed.
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B. [Scarlatos and Pavlidis]'s hierarchical terrain model
 Scarlatos and Pavlidis (1992) used a hierarchical 

triangulation and cartographic coherence to construct a 
hierarchical terrain model.

 The idea of this method is to define alternative ways of 
refining a triangle either by adding internal points or by 
splitting its edges, and the decision of adding vertex is made 
by terrain features.

 The authors showed experimentally that the number of 
triangles to approximate terrain is less than the algorithm 
suggested by Floriani.

C. [Floriani and Puppo]'s hierarchical triangulation
 Floriani and Puppo (1992) suggested a hierarchical 

triangulation that combines the advantages of a TIN and a 
hierarchical representation. However, the representation is 
still not a tree.
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D. Wavelet-based refinement
 The discrete wavelet transform (DWT) is identical to a 

hierarchical subband system, where the subbands are 
logarithmically spaced in frequency. For a 1-D signal, a 
1-D wavelet function  and a 1-D scaling function 
are chosen to
Iteratively
decompose the
signal into
different-scaled
high-frequency
subbands.
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 For a 2-D image, the same wavelet function  and scaling 
function  are used in both vertical and horizontal to 
decompose the image.

(a) The original Lena image.      (b) A DWT decomposition 
of Lena image.
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 An example of the 2-D wavelet decomposition with Haar 
basis functions.
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 The data structure of the 2-D wavelet decomposition
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old vertices           new vertices 

0                 1               0        4        1

5 6 7

analysis

synthesis

 For a 3-D model, it is treated as a 2-D image; that is, the 
elevation of a vertex on a model is regarded as the gray 
level of a pixel on an image.

2                 3               2        8        3

analysis

synthesis

M j+1 M j M j-1

 The disadvantage of the wavelet-based multiresolution 
model is that every block only shows one resolution in each 
time.
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 Results of wavelet-based multiresolution modeling
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5.2.4 Hierarchical regular triangulated models
 Much of the previous work on polygonalization of terrain-like 

surfaces has concentrated on TINs. A number of different 
approaches have been developed to create TINs from height 
fields using Delaunay and other triangulations, and hierarchical 
triangulation representations have been proposed that lend 
themselves to usage in level of detail algorithms.

 TINs allow variable spacing between vertices of the triangular 
mesh, approximating a surface at any desired level of accuracy 
with fewer polygons than other representations. However, the 
algorithms for creating TIN models are computationally 
expensive, prohibiting use of dynamically created TINs at 
interactive rates.

 Regular grid surface polygonalizations have also been 
implemented for terrain and general surfaces. Such uniform 
polygonalizations generally product many more polygons than 
TINs for a given level of approximation.
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 Regular grid representations also have the advantage of 
allowing for easier construction of a multiple level of detail 
hierarchy. Simply subsampling grid elevation values produces a 
coarse level of detail model, whereas TIN models generally 
require complete re-triangulation in order to generate multiple 
levels of detail.

 Lindstrom et al. (1996) used a compact and efficient regular 
grid representation for real-time visualization of 
multiresolution terrain models.

 The algorithm used the regular grid representation: symmetric 
triangulated networks (STN), and employed a variable screen-
space thresholding to bound the maximum error of the 
projected image.

 Symmetric triangulated networks
In a symmetric triangulated network, the smallest mesh has 3 
3 vertices, and it is called the primitive mesh. We merge the 
meshes in the style of  2n  2n array to form larger meshes 
called blocks.
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 Lower-resolution blocks can be obtained by discarding 
every other row and column of four higher resolution blocks. 
The decimated vertices with hollow points are shown as

Note that the 
definition of levels is 
different from the 
preceding definition.
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 A variable screen-space thresholding to bound the 
maximum error of the projected image

 Many LOD algorithms fail to recognize the need for an error 
bound in the rendered image. While many simplification 
methods are mathematically viable, the level of detail 
generation and selection are often not directly coupled with 
the screen-space error resulting from the simplification.

 Rather, these algorithms 
characterize the data with a 
small set of parameters that 
are used in conjunction with 
viewpoint distance and view 
angle to select what could be 
considered "appropriate" 
levels of detail.
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 If image quality is important and "popping" effects need to 
be minimized in animations, the level of detail selection 
should be based on a user-specified error tolerance 
measured in screen-space, and should preferably be done 
on a per polygon/vertex basis.

 Several key features of the presented algorithm include: 
flexibility and efficiency afforded by a regular grid 
representation; localized polygon densities due to variable 
resolution within each
block; screen-space
error-driven LOD
selection determined
by a single threshold;
and continuous level
of detail. 

 A real case
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 In the approach, the multiresolution terrain models are generated 
from fine models to coarse models. That is, a simplification is 
employed to simplify models and the simplification process has 
two steps: block-based (coarse-grained) simplification and vertex-
based (fine-grained) simplification.

 The block-based simplification is done to determine which 
discrete resolution models are need, and vertex-based 
simplification re-triangulate each different resolution model in 
which individual vertex is considered for removal.
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 The original algorithm was executed on a SGI Onyx super 
computer, and we implement the algorithm in low-end PCs.

We analyze the computer graphic performance, and try to 
find a criterion for real-time demonstrating virtual world on 
different-performance low-end computers.

 In the following sections, we first express vertex 
dependencies in the algorithm, and then describe the 
simplification procedure.
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A. Vertex dependencies
As show in

a triangle/co-triangle pair is defined by two congruent right 
triangles obtained by bisecting a larger isosceles right triangle in 
the x-y plane with the same resolution of x axis and y axis.

The  operator denotes that a triangle/co-triangle pair (al, ar) is 
reduced to one single triangle al  ar (hence the subscripts l
and r for “left” and “right”).
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 In the simplification, triangle fusion can occur only when the 
triangles in the triangle pair appear on the same level in the 
triangle subdivision.

For example, in Fig.(b), el  er and fl  fr cannot be 
coalesced unless the triangles in both pairs (el, er) and (fl, fr) 
has be fused. 
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 The triangles can be represented by nodes in a binary expression 
tree, where the smallest triangles correspond to terminal nodes, 
and coalesced triangles correspond to lower level, non-terminal 
nodes formed by recursive application of the  operator.

 Conceptually, this tree spans the entire terrain model, but can be 
limited to each block. 

 When a triangle/co-triangle pair is fused, one vertex is removed, 
and we call this vertex the base vertex of the triangle pair.

 Each triangle pair has a co-pair associated with it, and the 
pair/co-pair share the same base vertex.

 The mapping of vertices to triangle pairs, or the nodes associated 
with the operators  that operated on the triangle pairs, results in 
a vertex tree, wherein each vertex occurs exactly twice; once for 
each triangle pair as shown in Figs.(g) and (h).
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Figs.(a)-(e) show the dependency relations between vertices 
level by level. An arc from A to B indicates that B
depends on A.

Fig.(f) shows the influence of an enabled vertex over other 
vertices that directly or indirectly depend on it. Chain of 
dependencies originating from the solid vertex

Fig.(g) and (h) depict the two possible vertex tree structures 
within a block, where intersections have been separated 
for clarity.

Fig.(i) shows the triangulation corresponding to Fig.(f).

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 86

B. Vertex-based simplification

 In vertex-based simplification, many smaller triangles are 
removed and replaced with fewer larger triangles. 
As shown in I

F
C

H
E

B
G

D
A
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whenever we do the simplification, triangles ABE and BCE , with 
vertices A, B and C in a plane perpendicular to the x-y plane, the slope

change is measured by the vertical (z axis) distance

with Az, Bz, and Cz are the height (elevation) of vertices A, B and C; that 
is, the maximum vertical distance between triangle ACE and the ABE
and BCE . This distance is referred to as vertex B’s delta value.

 By projecting the delta segment       , defined by B and the midpoint of 
line segment , onto the projection plane, we can determine the maximum 
perceived geometric (linear) error between triangle ACE and the 
triangles ABE and BCE. If this error is smaller than a given threshold 
value, , the triangles ABE and BCE may be fused, and replaced by 
triangle ACE.

 If the resulting triangle has a co-triangle with error smaller than the 
threshold value, this triangle/co-triangle pair is considered for further 
simplification.
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C. Block-based simplification
 A complicated terrain model may consist of many polygons, and it is too 

computationally expensive to run the simplification process on all 
vertices for each individual frame.

 By obtaining a conservative estimate of whether certain groups of 
vertices can be eliminated in a block, the vertices in the block can often 
be decimated by several factors with little computation cost.

 If the maximum delta projection of all lower level (higher resolution) 
vertices in a block falls within threshold value , those vertices are 
immediately discarded, and the block is replaced with a lower-resolution 
block that is considered for further simplification.

 The discrete level of detail is selected by computing the maximum delta 
value, max, of the lower level vertices for each block. Given the axis-
aligned bounding box of a block and max , one can determine whether 
any of these vertices have delta values large enough to exceed the 
threshold value  for a given viewpoint. If none of them do, a lower-
resolution model may be used. We can expand on this idea to obtain a 
more efficient simplification algorithm.
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5.2.5 Progressive mesh
 Hoppe [1996] proposed two operators: edge collapse and vertex 

split, to change the model structures with different resolutions. 

 An edge collapse merges two vertices on the ends of an edge 
and the two triangles that share the edge are vanished.  A vertex 
split is the inverse transformation of an edge collapse; which 
replaces a vertex with two new vertices and two new triangles are 
generated. 
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 Thus a progressive mesh (PM) representation for an arbitrary 
triangle-based model maybe

 A coarsest mesh M 0 can be refined to a finest mesh M n by 
applying a sequence of n successive vertex split transformations: 

(i) consists of the coarsest mesh  M 0 and a sequence of n
refinement transformations (vertex splits) that progressively 
recover detail; or 

(ii) consists of the finest mesh M n and a sequence of n
simplification transformations (edge collapse) that 
progressively simplify the model.

 A finest mesh M n cane be reduce to a coarsest mesh M 0 by 
applying a sequence of n successive edge collapse
transformations: 
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 In the construction process of a PM, the sequence of the edge 
collapse transformations must be chosen carefully since it 
determines the qualities of the intermediate meshes. We can use 
a greedy method to iteratively collapses an edge with minimal 
approximation error. 

A. Approximation error
 We use L norm to estimate the approximation error E introduced 

by an ecol. That is, for an ecol transformation, we calculate the 
maximum elevation difference between the simplified area in the 
transformed mesh and the original, fully detailed mesh M, as 
follows:

where H: R 2  R is the scalar field of height field H;
Nv is the height field formed by the union of triangles

incident to v in the transformed mesh;
Dv is the domain of Nv. 
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 The original energy metric used in the progressive meshes is 
defined as

E(M) = Edist(M) + Espring(M) + Escalar(M) + Edisc(M),
where

Edist(M) =                             (total squared distance of vertices)

Espring(M) =                              (spring energy of edges)

Escalar(M) =                                       (scalar attributes of vertices) 

where x’i is the attribute value of xi

Edisc(M) =                           (discontinuity curves of boundary)

where i means the i-th edge collapse
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Since M and Nv are both triangle meshes, M and Nv are 
piecewise linear functions; their difference is again piecewise 
linear. Thus the maximum difference value occurs:
(i)  at the intersections of edges in the two meshes, and
(ii) at the intersections of vertices in M and triangles in Nv,
as indicated by small circles and rectangles in the below figure, 
respectively. 
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 In the PM construction, the following problems should be
avoided:

Topological problem.

ecol

Geometrical problem

ecol



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 95

B. File structure for progressive mesh 

 File structure of progressive mesh (binary file)

where n is the number of vertices in the finest model.

An integer occupies 4 bytes and a real number occupies 8 
bytes. 

A vertex records 3 real locations and 3 real orientations,
a triangle records 3 integer vertex number and 3 integer 

neighboring triangle numbers,
A vsplit records 2 vertex number and 6 related triangle 

numbers.

PM #baseface #vertex vertices #triangle triangles #vsplit vsplits

2 4 4 48nv 4 24nt 4 32ns
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struct PMesh {
Array<Vertex> vertices
Array<Triangle> triangles
Array<Vsplit> vsplits
int num_base_faces

}

struct Vertex {
Point pos
Vector norm

}

struct Triangle {
int v[3]
int nei[3]
}

struct VSplit {
int vs
int vt
int fl
int fr
int fn[4]
}

 PM data structure in memory

vertex 0 vertex 1 vertex 2 vertex k

triangle 0 triangle 1 triangle 2 triangle k

vsplit 0 vsplit 1 vsplit 2 vsplit k
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 PM 處理流程之控制

struct Mesh {
Array<Vertex> vertices
Array<Triangle> triangles
List<Triangle*> active_triangles
VertexSplit(const VSplit& s)
EdgeCollapse(const VSplit& s)

}

class PMeshIterator : public Mesh {
public:

InitFromPMesh(const PMesh& pm)
GoToPreviousLevel()
GoToNextLevel()
RunTo(int level)

private:
const PMesh* m_pm
VSplit* m_current_vsplit

}
InitFromPMesh(const Pmesh& pm) {
讓 m_pm 指向 pm
從 pm 中得到 BaseMesh 的資訊
讓 m_current_vsplit 指向 vsplits

}
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 PM 處理流程之控制 (cont.)

vertices
triangles
vsplits

num_base_face

Pmesh                                     PMeshIterator

vertices
triangles

active_triangle
VertexSplite()

EdgeCollapse()
m_pm

m_current_vsplit
GoToNextLevel()

GoToPreviousLevel()
RunTo()

Mesh
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 PM 處理流程之控制 (cont.)

GoToNextLevel() {
VertexSplit(m_current_vsplit++)

}

GoToPriviousLevel() {
EdgeCollape(--m_current_vsplit)

}

RunTo(int level) {
連續做 GotoNextLevel 或是

GoToPreviousLevel 數次一
直到想要到達的 level

}
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 PM 處理流程之控制 (cont.)

 Examples of vertex split and edge collapse

Mesh::VertexSplit(const VSplit& s) {
s.fl & s.fr 加入 active_triangle 中
更新 fn[i] 的 neighbor
更新所有三角形點的位置

}

fn0
vs fn2

fn1 fn3

fn0
vt fn2

fn1 fn3

fl fr

vu
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5.2.6 Quadric-error-metric criterion
 This approach was proposed by M. Garland [1997]. 

This algorithm can rapidly produce high quality 
approximations of polygonal models. 

 The approach uses iterative contractions of vertex 
pairs to simplify models and maintains surface error 
approximations using
quadric metrics.

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 102

1. Select any pair (vi ,vj) as candidates for contraction such that:
(a) (vi ,vj) is an edge,or
(b) (vi ,vj) is not an edge and vi -vj < .

2. Allocate a quadric Qi for each vertex vi.
3. For each face fi = (j, k, l), compute a quadric Qi. Add this fundamental

quadric to the vertex quadrics Qj, Qk, and Ql, weighted appropriately.
4. For each candidate pair (vi ,vj) :

(a) compute Q = Qi + Qj.
(b) select a target position  v’ .
(c) apply consistency checks and penalties.
(d) place pair in heap keyed on cost Q(v’ ).

5. Repeat until the desired approximation is reached:
(a) remove the pair (vi ,vj) of least cost from the heap.
(b) perform contraction  (vi ,vj)  v’.
(c) Set Q ‘ = Qi + Qj .
(d) For each remaining pair (vi ,vk), compute target position and cost

as in step 4; update heap.

 Basic algorithm
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a. Quadric error metric
 In the original model, each vertex is an intersection of several 

planes. Each plane has the square distance metric to a vertex v :
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 The difference between Progressive mesh
and Quadric-error-metric

i. Progressive mesh calculates the distance between 
an original (finest) vertex and the corresponding 
coarser triangle.

ii. Quadric-error-metric calculates the distance 
between a generated (coarser) vertex and several 
corresponding original (finest) triangles.

Finest model
Coarser model
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 Normalized quadric metric
The quadric metric should adhere to the following principle: the 
total quadric associated with a region should be the same, no 
matter which geometrically equivalent tessellation is chosen.
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b. Vertex placement policies
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c. Quadric-based simplification with appearance attributes
 M. Garland [1998] extended the original error metric to account a 

wide range of vertex attributes. 

 Discontinuities and constraints
Discontinuities of a model, such as creases, open boundaries, 
and borders between differently colored regions, are often among 
its most visually significant features.

Every edge along the boundary defines a single constraint plane.
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 Example, Garland [1998]

simplification with discontinuities of [x y z r g b]T color 
attributes.
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 Generalized error metric
The attributes can be rendering information; for example, 
the color values of shading or on texture image. Moreover, 
the attributes are embedded into vertices and each vertex is 
treated as a vector v  R n. For example, The first three 
components of v will be spatial coordinates, and the 
remaining components will be property values.
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Using geometry & texture-attributed simplification with a 3,872 
face model.

 Example, Garland [1998]
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Simplifying to 53 faces using 
optimal placement without regard 
for the texture coordinates.

Reduced to 53 faces with 
updating texture coordinates.
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 Hoppe [1999] proposed the new quadric metric for 
simplifying meshes with appearance attributes.

Simplification of a mesh with discontinuities of color 
attributes.

(a) Original mesh with                     (b) Simplified mesh 
298,468 triangles.                           with about 5,000 triangles.
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 Example, Lee et al. [Siggraph’98] 
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5.2.7 Face clustering

 A model is represented by a 
hierarchy of regions on a 
polygonal surface which partition 
that surface into a set of face 
clusters. 

 Face hierarchies from clustering

It seems a binary 
tree hierarchical 

structure.
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 Comparison between vertex hierarchy and face hierarchy
Vertex hierarchies from simplification

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 118

A. Vertex clustering with dual quadric metric

 Garland et al. [2001] presented a new method for 
representing a hierarchy of regions on a polygonal surface 
which partition that surface into a set of face clusters. 
These clusters, which are connected sets of faces, 
represent the aggregate properties of the original surface.

 Benefits
This algorithm does not alter the original surface geometry 
in any way, nor does it produce any new approximate 
surfaces.

 Application
Ray tracing, collision detection, or other algorithms which 
perform spatial queries.



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 119

a. Face clustering algorithm

 Dual graph

Edge contraction in the dual graph (shown with solid lines). 
The two faces of the surface (shown with dashed lines) 
corresponding to the endpoints of the dual edge are merged to 
form a single face cluster.
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 Dual quadric metric
The dual graph is then treated by the quadric-error metric
(Efit) to simplify the mesh. The result is the same as 
merging two connected faces to a single face. 
Consequently, the face hierarchy is constructed.

 Optimal placement
For a given quadric Q, we try to find the point v such that 
Q(v) is minimal.

 Two additional metrics are considered to construct the face 
hierarchy, which are orientation bias (Edir) and
compact shape bias (Eshape).

 Combined error metric
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 Compact shape bias
The metric is used to make the region shape more compact.

(a) No shape bias.                        (b) With shape bias.
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b. Applications

 A best fit plane is computed for each cluster in the hierarchy. 
Given this plane, it is a fairly simple task to compute an 
oriented bounding box which tightly encloses the cluster.

 Surface simplification
We can partition the surface into clusters, simplify their 
boundaries, and retriangulate the resulting simplified 
clusters.
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c. Performance evaluation

 Initialization, it takes O(nlogn), where the dual graph and 
initial quadrics are constructed and n is the number of 
triangles.  

 Clustering also takes O(nlogn), where the system greedily 
contracts dual edges until each connected component has 
been merged into a single cluster.

 Bounding box construction takes O(nlogn) ~ O(n2), where 
each leaf in the tree propagates its vertices up to the root to 
compute bounding boxes for every node.  
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d. Results
Face cluster partitions produced by iterative pairwise 
merging.

(a) Original 11,036 clusters.   (b) 6,000 clusters.    (c) 1,000 clusters.
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(a) 250 clusters. (b) fit plane. (c) 50 clusters. (d) fit plane.
(e) 12 clusters. (f) fit plane.
Corresponding clusters and planes are drawn in the same 
color.

 Face clusters & associated fit planes on a paraboloid
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 Face cluster radiosity solution, computed in only 3 minutes, 
for a scene with 2.7 million input triangles.
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 Face clusters computed for Isis statue, composed of 
375,736 triangles. Cluster shape adapts to surface shape.

(a) 10,000          (b) 5,000           (c) 2,500          (d) 1,000            (e) 100 
clusters.            clusters.            clusters.            clusters.            clusters.
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B. Face clustering with BSP-tree

 Shaffer and Garland [2001] proposed the new face 
clustering based on a BSP-tree. The algorithm performs 
two passes over an input mesh.

First pass
The model is quantized using a uniform grid, and surface 
information is accumulated in the form of quadrics and dual 
quadrics. This sampling is then used to construct a BSP-
tree in which the partitioning planes are determined by the 
dual quadrics.

Final pass
The original vertices are clustered using the BSP-tree, 
yielding an adaptive approximation of the original mesh.



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 129

hidden surface removal
ray tracing hierarchies 
solid modeling 
robot motion planning 

a. BSP-Tree Construction 
 A Binary Space Partitioning (BSP) tree is a data structure 

that represents a recursive, hierarchical subdivision of n-
dimensional space into convex subspaces. BSP tree 
partitions space by any hyper-plane that intersects the 
interior of that subspace. The result is two new subspaces 
that can be further partitioned recursively.
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 The BSP-tree initially has a single node containing all of the 
representative points.

 A priority queue containing the leaves of the BSP-tree was kept, 
until the desired number of leaves are created:
(i)   choose the leaf with largest quadric error.
(ii)  create a split plane using the dual quadric.
(iii) divide the leaf and enqueue the 2 new leaves. 

 The BSP-tree relies on the eigenvectors of the dual quadric, 
corresponding to the directions of minimum and maximum point 
spread, to generate a plane.

 If the ratio of eigenvalues of largest to smallest is significant, the 
normal of the splitting plane is the direction of maximum spread.

 The ratio of the eigenvalues is less than 2, the normal of the 
splitting plane is chosen to be the direction of minimum point 
spread.
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 Adaptive vertex clustering on a polygonal mesh
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b. Simplification 

 Execute a second scan of the original model.
i. Each vertex is mapped to a leaf of the BSP-tree by 

walking down the tree and testing the vertex against 
each plane on the path. 

ii. If the three vertices fail to map to three different leaves, 
the face degenerates and is discarded.

iii. A representative vertex position is computed for each 
leaf using its associated quadric.

iv. Simplified mesh consists of these vertex positions and 
the non-degenerate faces.
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 Results

Progressive approximations of David statue model.

(a) 28,184,526    (b) 107,872        (c) 50,000           (d) 5,000          (e) 1000
vertices              vertices             vertices              vertices            vertices
(original)              (0.38%)            (0.18%)             (0.018%)        (0.0035%) 
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5.2.8 View-dependent progressive mesh
 Hoppe [1997] proposed a view-dependent multiresolution 

modeling method by extending his progressive meshes. The 
method was proposed based on the following facts:
i. Many triangles of the model may lie outside the view 

frustum and thus do not contribute to the image.
ii. It is often unnecessary to render faces oriented away

from the viewer.
iii. Within the frustum, some regions of the model may lie 

much closer to the viewer than others, but a view-
independent LOD meshes can’t provide appropriate 
resolutions for different regions to further reduce the 
amount of terrain data. 
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view frustum

view point
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view point

Invisible faces
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 The view-dependent progressive mesh is based on a data 
structure, vertex hierarchy. The vertex hierarchy for a PM is 
constructed top-down as follows. At first, the vertices of the 
base mesh are inserted into the hierarchy as roots. Then for 
each vsplit(vt , vu , vs), vertices vt and vu are inserted as the 
children of vs. The parent-child relation on the vertices 
establishes a vertex hierarchy as shown in the following 
figure:

A. Vertex hierarchy 
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 A selectively refined mesh corresponds to a “vertex front” 
through this hierarchy, such as M 0 and M in the above 
figure. At runtime, selective refinement is achieved by 
moving a vertex front up and down through the hierarchy. 
This operation corresponds to a sequence of edge collapse
or vertex split transformations. We say that a vertex or 
triangle is active, if it exists in the current presented mesh. 
A set of refinement criteria discussed in the following section 
is used to determine whether an active vertex should be 
further split or merged.
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B. Refinement criteria 

 View frustum
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 A function OVF (outside_view_frustum) is designed for coarsening 
the area of a mesh outside the view frustum. For each vertex v in 
the hierarchy, we compute the radius rv of a bounding sphere Sv
that is centered at v and bounds all its descendants. In particular, 
if v is a leaf, Sv is the smallest sphere that is centered at v and 
bounds Nv. For each vertex v at leaf, we compute rv as the radius 
of the smallest sphere that is centered at v and bounds all its 
adjacent vertices in M. Then make a postorder traversal of the 
hierarchy to assign each parent vertex vs the radius of the 
smallest sphere Svs centered at vs that bounds the spheres Svu
and Svt as one example shown in the following figure:
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 Screen space error
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 Function SSE (screen_space_error) is designed to ensure that a 
selectively refined mesh, when projected on the screen, the 
difference to the original mesh is everywhere less than a specified 
threshold . For each active vertex v, we compute the screen 
space error of Nv by projecting the line segment

onto the screen, where pv is the position of v,  v = E N(v) is the 
error and has be defined before, and      is the unit vector for the z
axis.

 For performance consideration, we assume v lies on the axis that 
is parallel to the view direction and passes through the viewpoint. 
For small viewing angle ; for example, a 35mm camera lens has 
a viewing angle of 31 degrees, this approximation results in an 
average error less than 2%. Suppose that pe is the position of 
viewpoint, and ve is the unit vector for the view direction, then the 
ratio of projected length of sv to screen width is 
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as shown in following figure, where  is the cross product 
operator. If v < , function SSE return false indicating a 
refinement of Nv is unnecessary.
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bA

B: screen height/2
pe

pv

v
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C. Geomorphs 

 Geomorph means to interpolate the location of generated 
vertex during vertex split operation.
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 Morph (action)
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 Fold-back problems

(a)                                                  (d)

(b)                                                 (c)
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struct VSplitErr {
Vsplit vsplit
float radius
float error
}

 File structure of view-dependent progressive mesh (binary 
file)

D. File structure for view-dependent progressive mesh 

PM #baseface #vertex vertices #triangle triangles #vsplit vspliterrs

2 4 4 48nv 4 24nt 4 40ns
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 VDPM 的資料結構

struct SRMesh {
Array<Vertex> vertices
Array<Triangle> triangles
List<Vertex*> a_vertices
List<Triangle*> a_triangles
float* screen_space_error
VertexSplit(const Vertex* v)
EdgeCollapse(const Vertex* v)
QRefine(const Vertex* v)
AdaptiveRefine()
}

struct Vertex {
Point pos, opos
Vector norm
Vertex* parent, vt
Triangle* fl, fr, fnei[4]
float radius, error
Morph* vmorph
}

struct Triangle {
Vertex* v [3]
Triangle* nei [3]
}

struct Morph {
bool running
bool coarsen
int gtime
Point rpos
Vector pinc
}
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struct BVL {
BVLYinc bl
BVLXinc b2
BVLYinc b3
BVLYinc b4
BVLYinc* bp1
BVLXinc* bp2
BVLYinc* bp3
BVLXinc* bp4
Triangle(BVL l1,BVL l2)
}

struct BVLYinc {
Map<Vertex*, Vertex*> list
}

struct BVLXinc {
Map<Vertex*, Vertex*> list
}

struct BSRMesh : public 
SRMesh {
BVL bvl
}

struct 2DIndex {
int row, column
}

struct MeshBlock {
int tofree
BSRMesh* mesh
}

struct DSRMesh {
Map<2DIndex, MeshBlock> 
pool
Set<MeshBlock*> a_mesh
int crow, ccolumn
int nrow, ncolumn
int arow, acolumn
}

 VDPM 的資料結構
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5.2.9 Dynamic loading
 動態載入 (dynamic loading) 的意義是當地形模型

大到無法放到主記憶，而需先將模型分割成許多小
地塊，然後以多重解析度模型模塑的技術來簡化各
小地塊模型，並且將簡化的過程記錄下來。

 瀏覽時，我們依據目前瀏覽視點的位置及方向決定
那些地塊應該從週邊儲存體中載入或從記憶體中移
除；並且在視點移動之同時，決定每地塊所應展現
的解析度。
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 Terrain management

When the viewpoint 
passes across the 
boundary of the 
center block, 
dynamic loading is 
initiated.

:     :     :     :     :

:     :     :     :     :

:     :     :     :     :

:     :     :     :     :
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Matching problem
由於相鄰的不同解析度地塊模型間有複雜的匹配問題

(matching problem)，如下圖所示。

另外，漸進網格式的多重解析度模塑法則是離線完成的，
因此各展現地塊的解析度變換並不太影響展示速度。反
而是地塊的動態連結載入比較花時間，因此為了更進一
步提高展示速度，應該以雙中央處理器來個別處理地形
景觀展示及地塊動態連結載入。
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 漸進網格式的多重解析度模塑法則是離線完成的，解決

匹配問題時不能破壞早已定義好的多重解析度模型架構

。因此解決匹配的問題大致有下列幾種方法：

1. No simplification。地塊模型周邊點不簡化來避免此匹
配問題。

2. Re-triangulation。邊在邊界上的三角形再分割。

3. Smart mesh。點在邊界上的三角形融合成ㄧ多邊形，
多邊形重新分割成三角形。

4. Cover mesh。點在邊界上的三角形融合成ㄧ多邊形，
再用一網格覆蓋在此邊邊形上。

5. Triangulation of gap。相鄰地塊間留ㄧ空隙，展示時
，依照相鄰地塊邊界的結構，三角化該間隙。
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1. No simplification
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2. Re-triangulation 
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3. Smart mesh  (US patent)
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4. Cover mesh
 有頂點在邊界上的三角形，要聯合重塑覆蓋網格

(cover mesh)。
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5. Triangulation of gap
 Terrain blocks are constructed with gaps and the gaps 

are triangulated during browsing.
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5.3 Rendering (彩繪)
 The techniques of shading (著色) and texture mapping 

(紋理貼圖) are described here.

5.3.1 Shading
 A model should be shaded images based on quadric 

or cubic surfaces with texture rendered through 
complex lighting models. A typical choice is polygonal 
surfaces rendered with fairly simple shading rules.

 The shading techniques apply simple reflection models 
to polygons, calculating intensities at vertices, and 
then interpolating values for interior points.

 After this process, each point of an object will be given 
a color. Two shading techniques are common used: 
Gouraud shading and Phong shading [Kang 1992].
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Gouraud shading.                     Phong shading.

Wireframe representation.              Flat shading.
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A. Flat shading

B. Gouraud shading 

Curved surface

Light I


Brightness I cosNormal

 法線方向與亮度是非線性關係。
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 The Gouraud shading can be depicted by the following figures.

Fig.(a). The vertex normal 
NA is the average of the 
normals N1, N2, N3, and N4.

Fig.(b). The intensity interpolation
of Gouraud shading. The intensity 

value at point Ia is determined from 
intensity value at points I1 and I2, 
intensity at point Ib is determined 

from values at points I1 and I4, and 
intensities at other points (such as 

Is) along the scan line are 
interpolated between value at 

points Ia and Ib.
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 In Fig.(a), being an example of polygon mesh, the vertex 
normal NA is the average of the normals N1, N2, N3 and N4, 
these normals of the polygons that meet at the vertex.

 The technique calculates the intensity at each vertex of the 
polygon by using the vertex normal. This is an important 
feature of the method and the vertex normal is an 
approximation to the true normal of the surface (which the 
polygon mesh represents) at that point. 

 A pass through the data structure which stores the object 
will calculate an intensity for each vertex. The interpolation 
process is depicted in Fig.(b). 

 The intensities at the edge of each scan line are calculated 
from the vertex intensities, and then the intensities along a 
scan line are calculated from them. 
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The method of Phong shading can be depicted in Fig.(c).

Fig.(c). The vector interpolation
of Phong shading. 

 The method consists of two 
stages. The first stage is the 
same as the Gouraud 
method, for each polygon 
we evaluate the vertex 
normals. For each scan line 
in the polygon we evaluate 
the normal vectors at the 
ends of the scan line by 
linear interpolation. Then 
these two normal vectors 
(e.g., Na and Nb) are used 
to interpolate the normal of 
interior points at the scan 
line segment (e.g., Ns). 
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We derive a normal vector for each point or pixel on the polygon 
that is an approximation to the real normal on the curved surface 
approximated by the polygon. This feature accounts for the quality 
of Phong shading.

Ns, the interpolated normal vector, is then used in the intensity 
calculation. This idea is described in Fig.(d), which shows that 
vector interpolation tends to restore the curvature of the original 
surface that has been approximated by a polygon mesh. 

Fig.(d). Vector interpolation tends to 'restore' curvature. 
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Comparing to other interpolation schemes:
i. Phong interpolation gives more accurate 

highlights and is generally the preferred model.
ii. The Gouraud method tends to be confined to 

applications where the diffuse component is 
sufficient, or to preview images prior to final 
rendering. 

iii.Phong shading is more expensive than Gouraud
shading for the reason of more computations. 
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5.3.2 Texture mapping
 Texture mapping is a relatively efficient way to create the 

appearance of complexity without the tedium of modeling and 
rendering every 3D detail of a surface (Heckbert, 1986).

 Texture mapping offers several advantages for VR simulation.
(i) it increases the level of detail and realism of the scene.
(ii) texture provides better 3-D spatial cues owing to perspective 

transformations.
(iii)texture substantially reduces the number of polygons in the 

scene and can therefore increase the frame refresh rate. 

 In general, texture mapping means a mapping of a texture surface 
onto a surface of a 3D object. The domain of the mapping can be 
one, two, or three dimensional, and it can be represented by either 
an array or a mathematical function. 
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Real examples of texture mapping.

Two original images. The texture-mapped teapots.
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 A texture mapping can be divided into two passes:
i. a texture image in a texture space is mapped 

onto object surface in a 3D object space,
ii. the mapped surface is projected on a screen.

Texture space (u, v)
↓ parameterization

Object space (x', y', z')
↓ projection

Screen space (x, y)
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 For example, 

Texture space is labeled (u,v), object space is labeled (x',y',z’), 
and screen space is labeled (x,y).  Let f be the transformation 
from {(u,v)} to {(x',y',z')} and p be the projection from {(x',y',z')} 
to {(x,y)}.  Then g(u,v) = p(f(u,v)) is a mapping function from 
the texture plane into the screen space.
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 There are three general 
approaches to drawing 
a texture-mapped 
surface on screen:
a scan in texture space,
a scan in screen space, 
and two-pass method. 

(i) Texture scanning
for v

for u
compute x(u, v) and y(u, v)
copy Tex[u, v] to Scr[x, y]

(ii) Screen scanning
for y

for x
compute u(x, y) and v(x, y)
copy Tex[u, v] to Scr[x, y]

(iii) Two-pass scanning
for v

for u
compute x(u, v)
copy Tex[u, v] to Temp[x, v]

for x
for v

compute y(x, v)
copy Temp[x, v] to Scr[x, y]
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 Screen order, sometimes called inverse mapping, is the 
most common method. This method must calculate the 
inverse mapping function; unfortunately, the inverse 
mapping function is not defined for all points on the screen 
space.

 Oka et al. (1987) improved the texture mapping in which a 
locally linear approximation of mapping function makes the 
calculation of the inverse of approximation of mapping 
function simple. 

 Three general approaches have been used to model three-
dimensional objects: quadric patches, polygonal patches, 
and parametric patches. 
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 It is easy to map a texture image onto a three-dimensional object 
made up of a kind of patches, but it is harder to map a single 
texture onto a complex surface made up of various patches, since 
adjacent patches may be of different types, shapes, and sizes, 
and it is difficult to keep the continuity between adjacent patches. 

A new approach called solid texturing can overcome the problems, 
because solid texture functions are independent of surface 
geometry and surface coordinate systems, and every point on a 
complex surface has unique location in three-dimensional space, 
and a solid texture function can be directly evaluated at the point 
without any additional information (Peachey, 1985; Perlin, 1985). 

Most techniques for mapping two-dimensional texture images onto 
three-dimensional curved surfaces assume that either the texture 
image has been pre-distorted to compensate for the distortion of 
the mapping or the curved surfaces are represented 
parametrically. 
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Bier and Sloan (1986) proposed a new approach called two-part 
texture mapping which can map undistorted planar textures onto 
arbitrarily represented surfaces.  The mapping technique is done 
in two parts: 
i. the texture image is embedded in a 3D space on an 

intermediate surface, 
ii. the image on the intermediate surface is then projected onto 

the object surface in a way that depends only on the geometry 
of the target object (not on its parameterization). 
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Four techniques can be implemented for O mapping: reflected ray, 
object normal, object centroid, and intermediate surface normal. 
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 The reflected ray method is viewpoint dependent for 
environmental reflections, but not for mapping a 
texture onto an object surface.

 The other three methods are appropriate for mapping 
a texture onto an object surface.

 The "intermediate surface normal" mapping is 
performed by drawing a line in the direction of the 
intermediate surface normal from an intermediate 
surface point, to an point on the object surface, then 
the texture of the intermediate surface point maps to 
the object point. 
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 Two-part texture mapping is a mapping from a texture image 
[xa, ya] to an object surface [x, y, z] done in two parts. 

 We had used the technique of two-part texture mapping to map a 
2D texture image onto a 3D human face model. 
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 The first part,S: [xa, ya]→ [xs, ys, zs], maps each texture 
point [xa, ya] to a point on a simple intermediate 
surface. 

 The second part, O: [xs, ys, zs]→[x, y, z], maps each 
point on the intermediate surface to a point on an 
object surface. 

 The mapping named S is a mnemonic for “mapping to 
intermediate Surface”, and O is a mnemonic for 
“mapping to Object."  The intermediate surface is used 
to reduce the distortion of direct mapping from a 
texture image onto an object surface. 
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 Many 3D parametric surfaces can be taken as intermediate 
surfaces. We use a cylindrical surface as the intermediate 
surface, since a facial surface is similar to a cylindrical surface to 
result less distortion during mapping. 

 The cylindrical surface is represented by a set of points  [r, , h] 
with a fixed r. The cylinder S mapping is

and

where r is the radius of the cylindrical surface, [c, d] is the 
scaling ratio of the cylindrical surface to the texture image, and 
[o, ho] is the location mapped from the origin of the texture 
image. 
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r


h

圓柱面 cylindrical surface 

(x, y)  ((r, ), h)
x

y c

d
scaling

(0, h0)
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Image plane

Equally spacing 
on face surface

Non-equally spacing 
on image plane

Front view

Top view
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We know that a facial image is obtained by projecting a 3D curved 
face onto a plane. The facial-image area is always smaller than the 
3D face area. That is, the facial image is non-linearly shrunk from 
the 3D curved face in horizontal. 

 In order to compensate the non-linear shrinking, a non-linear 
expanding in horizontal is embedded in the S -1 mapping 

Since a cylindrical surface is selected as the intermediate surface, 
and the object normal and the object centroid methods may result 
in topological problem, the technique of intermediate surface 
normal is thus adopted for the O mapping, 

and

where arctan(-z,x) returns the angle whose tangent is –z/x. 
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Image x  sin

face surface 

Deg.  0    10 20     30 40       50 60     70 80   90
x   0   0.11 0.22   0.33 0.44    0.56 0.67   0.78 0.89   1
xsin 0  0.174 0.342  0.5 0.643  0.766 0.866  0.94 0.985  1

Top view of a head
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 Texture-mapped faces with correct and incorrect r.

 It is crucial that a texture image must be correctly 
aligned in synthesis of images.

 Therefore, a texture image shall be partitioned into 
regions to be applied to the various patches of 
facial surface; in other words, a 2D facial image 
can be mapped onto a 3D surface model using a 
feature-based texture mapping (Kang, 1992; Lo, 
1993). 
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 However, it is easier to map a 2D image onto an 
entire object surface without partitioning regions.

 In the proposed system, we first recast a generic 
3D face model according to a 2D facial image, then 
use two-part texture mapping to map a facial image 
onto the recast face model.

 Using the method, features such as eye-balls, eye-
brows and mouth can be mapped to the correct 
locations on the 3D facial surface.

 In addition, we don't need to pay any attention to 
maintain the continuity conditions between 
patches.
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5.4.1 位置轉換

 轉換環境
 使用 homogeneous coordinate system
 採用右手座標定則 (right-handed coordinate 

system)
 定義逆時鐘方向旋轉 (counterclockwise rotation) 

為正方向

5.4 Geometrical transformation
 幾何轉換內容包括：

位置轉換 (3-D transformation)、
座標轉換 (change of coordinate system)、及
投影轉換。
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旋轉軸 正旋轉方向

x
y
z

y to z
z to x
x to y

空間座標系統 (World coordinate system, WCS) 及相機座標
系統 (Camera coordinate system, CCS) 都是採用右手座標
系統。

X (east)

Z Y (north)

空間座標系統 (WCS)                相機座標系統 (CCS)
(粉紅色框表示顯示幕)

x

y

z

view direction
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 應用上要定義三個座標系統

影像座標系統  相機座標系統  世界座標系統

(u, v) (x, y, z) (X, Y, Z)

影像平面中心點

zc

xc

影像平面

(X, Y, Z)

(0, 0, - q)

相機鏡片中心點
(0, 0, 0)

yc

光軸

(u, v)vc

uc

相機模式
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 前一頁的相機模式不是實際的相機模式，實際的相
機模式如下所示；但為了公式簡單且較不易出錯，
我們才改成前一頁的相機模式。
(相機模式不同，推導出來的公式就不同。)

zc

xc

影像平面

(u, v)

(X, Y, Z)
(0, 0, q)

相機鏡片中心點
(0, 0, 0)

yc

光軸

vc

uc
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所有轉換公式都用三維齊次座標 (Cartesian homogeneous 
coordinate) 表示。(x, y, z) 的齊次座標表示式為 (x, y, z, 1)。
如果 (x, y, z, 1) 經運算後變成 (x’, y’, z’, h)，則必須將每一元

素除以 h，變成 ，其中 才是真正轉換

後的座標值。

使用齊次座標的好處是可以將旋轉、位移、縮放、透視投影等
線性及非線性轉換都用 “線性轉換的矩陣乘法表示式” 來表示。

齊次座標式的轉換都將以下列公式表示
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位移 (Translation) --- 三維位移量為 (xo, yo, zo)

縮放 (Scaling) --- 三維縮放率為 (sx, sy, sz)

其中 (x, y, z) 是縮放前的座標，(x’, y’, z’) 是縮放後的座標。
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旋轉 (Rotation) --- 採用右手座標定則，逆時鐘方向旋轉
(counterclockwise rotation) 為正方向。

x

z

y





其中 R? = Rx, Ry, 或 Rz 是相對於 x, 
y, and z 軸的旋轉轉換矩陣。各旋
轉轉換矩陣定義如下
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x

y

 旋轉公式的意義 (逆時鐘方向旋轉為正方向)



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 195

複合轉換 (composited transformation)

其中 T 是位移轉換矩陣，S 是縮放轉換矩陣， R 是旋轉轉換
矩陣。轉換次序：Ry, Rx, Rz。

所有轉換都是可逆的，但不可交換。也就是所有轉換矩陣都
存在反矩陣，但矩陣乘法的次序不能改變；

例如，Rs  Rx  Rx  Rs；
Ry  Rx  Rz  Rx  Ry  Rz 。
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5.4.2 座標轉換

物體轉換的意義 座標轉換的意義

x

y

z
u

v

w
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物體轉換 座標轉換

位移 T [dx, dy, dz]      T [-dx, -dy, -dz]

縮放 S [sx, sy, sz] 

旋轉 R ()                     R (-)

座標轉換與物體位置轉換的意義恰好相反
也就是轉換矩陣互為反矩陣

座標轉換的矩陣

=  [ [x]uvw [y]uvw [z]uvw ] 

where [x]uvw = xu u + xv v + xw w
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x

y

z dx

u

v

w

 如果 uvw 座標只是從 xyz 座標向右移 [dx 0 0] T，

則
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B 矩陣是描述 (x, y, z) 座標系統相對於 (u, v, w) 座標系統的關

係；也就是 B 矩陣是定義 (x, y, z) 座標系統在 (u, v, w) 座標

系統中的位置和旋轉方向。

是指 x 軸在 (u, v, w) 各座標軸的投影分量。

是指 v 軸在 (x, y, z) 各座標軸的投影分量。

x, y, z, u, v, w 都是單位長度的座標軸。

[x]uvw = xu u + xv v + xw w
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5.4.3 投影

 將立體資料壓成平面資料稱為投影。ㄧ般投影分為透視投影
(perspective transformation) 與平行投影 (parallel transformation) 
。一般投影的處理要假設兩個座標系統：XYZ 空間座標系統 和
xyz 相機座標系統，然後再將空間的立體資料轉換成相機座標的平
面資料。以下我們僅介紹常用的透視投影轉換。

An imaging model (pin-hole system).

Z-axis is called an optical axis and q is the distance from camera lens 
center to image center. 

- z

y

x

Image plane

(x, y, z)

(x’, y’)
(0, 0, q)

(0, 0, 0)

Camera lens center
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 透視投影是一種非線性的轉換 (nonlinear transformation)。上述透

視投影模式是假設相機座標系統與空間座標系統完全重疊。假設投

影平面的法線方向與 z 軸平行。投影平面與原點距離 d，觀測點為

原點。假設 (x, y, z) 為一空間點，(x’, y’) 是相對應的投影點。

z

x

q

z  q

x

-x’
z

y
q

z  q

y

-y’

Top view of the imaging model. Front view of the imaging model.
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 The projection transformation is denoted by a matrix as

 The perspective projection matrix is

 The perspective transformation is denoted by matrix as
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 The perspective projection transformation is
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投影的步驟

1.設定投影方式。投影分為平行投影 (parallel projection) 與
透視投影 (perspective projection)；

2.決定觀測參數 (view parameters)，包括觀測位置及方向；

3.修剪視野景觀 (clipping view space)；
4.投影與顯示 (projection and display)。
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一般性座標轉換
若相機座標系統與空間座標系統不一致時，則位移、旋轉空間
座標系統使之一致 。一致 (coincidence) 是指兩座標系統原點
重疊、三軸重疊的意思。

假設空間座標系統為 (x, y, z)，相機座標系統為 (u, v, w) 。
而兩座標系統間的關係為

則先做座標轉換，再做投影。
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5.5 Animation
Animation can be defined in different ways. A more precise 

definition is given in the follows [Magnenat-Thalmann 1985]:
(i) Animation is a technique in which the illusion of movement is 

created by photographing a series of individual drawings on 
successive frames of film.  The illusion is produced by 
projecting the film at a certain rate (typically 24 
frames/second). 

(ii) Animation refers to the process of dynamically generating a 
series of frames of a set of objects, in which each frame is an 
alteration of the pervious frame. 

Two main approaches to applying computer graphics techniques
to animation:
(i) using a key-frame system: this means that a certain number of 

images are specified and the in-betweens are calculated by 
computer. 

(ii) using parameterized models: in this case the animator can 
create any facial image by specifying the appropriate set of 
parameter values.
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 The use of key-
frame systems in 
two-dimensional 
animation gives 
good results. 
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 Parameterized models are based on the concept of basic 
parameterization and a model of image synthesis.  Basic 
parameterization consists of choosing an appropriate set of 
motion parameters. These parameters can be based on 
observation or on the underlying structures that cause the 
motion. 
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5.5.1 Parameterized models

 For facial animation, parameters are classified into two 
classes: expression and conformation.

 Most important expression parameters are related to the 
eyes (pupil dilation, eyelid opening, direction of vision, etc.) 
and the mouth (jaw rotation, width the mouth, smiling, etc.)

 Conformation parameters include the color of the skin; the 
color of the eye; the neck dimensions; nose characteristics 
and so on.

 Image generation in the Parke (1982) model is based on 
three polygon surfaces: one for the face and two for the 
eyes; these polygons do not all have the same size and 
shape.  According to Parke, the topology which is provided 
by Parke is the result of trial-and-error.
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Platt and Badler (1981) designed a model that is based on 
underlying facial structure. Points are simulated in the skin, the 
muscles and bones by a set of three-dimensional networks. The 
skin is the outside level, represented by a set of 3D points that 
define a surface which can be modified.

The bones represent a group of points with "elastic" arcs, as 
shown in the following figure, when a force is applied to the point 
M, point B is immovable. 

(a) Muscle fiber.                      (b) Muscle.
Muscle structure.
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Waters [Waters 1987] developed a face model which include two 
types of muscles; linear muscles that pull, and sphincter muscles 
that squeeze. 

Like Platt and Badler, Waters used a simple spring and mass 
model for the skin and muscles. However, his muscles have 
vector properties which are independent of specific face topology. 
Each muscle has a zone of influence as shown in 
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The influence of a particular muscle is reduced as a function of 
radial distance from the muscle vector point.  Waters's facial 
model is shown in 

Magnenat-Thalmann et al. [Magnenat-Thalmann 1988] designed a 
model of facial animation which is based on the abstraction of 
muscle actions (AMA) instead of the muscles themselves. AMA
procedures work on specific regions of the human face, which 
must be defined when the face is constructed. Each AMA
procedure is responsible for a facial parameter corresponding 
approximately to a muscle. 
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 Platt [Platt 1985] divided the object action universe into the 
objects, the actions, and the applicator. The partition is an 
important task.

 Practically, it allows systems to be built and the extended without 
the need of major revision.

 When actions are added, the only addition is the action-
description which details how the action affects general object-
fields and connections; when an object is added, any actions 
within the system can by default the applied to this object.

 Platt redefined the actions of FACS (Facial Action Coding 
System)  [Ekman 1978] in a formal manner, and detailed the 
exact changes and processes associated with each action. 
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 A "complete" set of criteria or parameters is one that allows every 
member of an object class to specified by selecting appropriate 
parameter values.

 If certain members of the class can be differentiated but not 
uniquely described by parameter values, the parameter set is not 
complete. 

 In a complete set, every possible unique member of the class can 
be described by a unique n-tuple of parameter values.

Some parameters might have values from finite discrete sets, 
while others might have values from bounded or unbounded 
continuous ranges.

A simple example is the class of objects called cubes.  The 
description or specification for a particular cube consists of a set of 
such parameter values as the length of an edge, the color of each 
face, the weight, material, etc.

 If the set of parameters is complete, one could specify every 
possible cube by specifying the appropriate n-tuple of the 
parameter values.  However, even for such simple objects, it can 
be difficult to develop truly complete parameterizations.
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C. The image synthesis model

For a parameterization scheme, the next task is to develop a 
synthesis model to produce images based on the parameter 
values.  The major components of animator interaction with such 
a model is illustrated in 

It has two major parts, the parametric model and the graphics 
routines. 
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The heart of the process is a set of procedures, functions, and 
data that form the parametric model. 

This model takes the parametric values specified by the animator 
as input. 

 It produces a set of graphic primitives, such as vector and polygon 
descriptors as output. 

These descriptors are passed to the graphics routines that actually 
create the images. 

 In animation models, the model designer and the animator interact 
closely in determining the actual characteristics of the model. 

A part of the model determines the type of images to produced.
These might be simple vector images generated from line 

segments, or, on the other end of the complexity spectrum, they 
might be shaded images based on quadric or cubic surfaces with 
texture rendered through complex lighting models. 

A typical choice is polygonal surfaces rendered with fairly simple 
shading rules. 
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D. Facial parameterization

Developing the desired parameterized models consists of two 
distinct tasks: developing appropriate parameter sets and 
developing image synthesis models.

The first step is to determine the appropriate set of facial 
parameters which is a nontrivial task.  Ideally, one would develop a 
complete parameter set for creating and specifying any possible 
face with any possible expression.

The possibility of developing such an appropriate parameter set is 
still an open question.

Now we try to describe how to develop an appropriate parameter 
set for facial animation.

1. One approach is to simply observe the surface properties of faces 
and develop ad hoc sets that allow these observed characteristics 
to be specified parametrically. 

This approach is unlikely to produce complete sets, however.
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2. A second approach involves studying the underlying structure, or 
facial anatomy, and developing a set of parameters based on it.

For example, each model developed by Platt and Badler [Platt 
1981] deal directly with the underlying structures that cause facial 
expression.

Their work uses a notional system to encode the actions 
performed by the face. 

The notation drives a model of the underlying muscle structure, 
which in turn determines the facial expressions.

3. A third approach to developing a facial parameter set blends 
these first two. 

Parameters are based on structural understanding, wherever 
possible, and are supplemented as necessary by parameters 
based on observation. 

The model we developed is just based on the third approach. 
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E. Several related works

Show animation ……… 
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L-system
程式語言的編譯器 (compiler)

a statement  → grammar → 合不合乎文法 ?

語言可以用來表達指令外，也可以用來描述圖形的結構，而

後用相對等的文法來剖析描述此圖形的句子。如果此句子可

完全為該文法所剖析，則表示此圖形屬於該文法所定義的這

一類圖形。每一類圖形使用一個文法，如此即可達到分辨圖

形的目的。

另外語言也可以用來描述動畫中物體結構的變化，以完成電

腦動畫的目的。
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語言與文法

語言分為自然語言 (natural language) 與人造語言 (artificial 
language) 。

形式語言定義為一個由有限個符號 (symbol) 所組成各種有
限長度的字串 (string) 所成的有限或無限集合。

形式語言 (formal language) 當初是被提出來用以研究自然
語言的數學工具，現在形式語言可用來描述圖形。

例子
字母 (character)
↓

字 (word)
↓

句子 (sentence)
↓

一篇文章 (代表語言)
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 文法 G 定義為一個四元描述 (four-tuple)
G = (VN, VT, P, S)；

其中
VN 表示有限個非終點符號 (non-terminal symbols) 所成的集合，
VT 是有限個終點符號 (terminal symbols) 所成的集合，
P 是有限個重寫規則 (rewriting rule) 或生成規則 (production rule) 

所成的集合，
S 是起始符號 (starting symbol)，S  VN。

 例子︰

此文法所代表的語言為 {w | |wa| = |wb| }，表示語言中每一句子所
含的 a and b 符號一樣多。
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語言與文法是一體兩面的。有怎樣的語言就會有怎樣的文法
來分析或產生它；有怎樣的文法就會產生怎樣的語言。

語言與文法的關係並不是一對一的，一個語言可能存在兩個
不同的文法能剖析它，但一個文法僅能產生一個語言。

例如︰

G2 文法和前述的 G1文法不同，但一樣可產生相同的語言。
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Chomsky hierarchical grammars
 強士基 (Chomsky) 把文法分成四個階層。假設文法定義為

G = (VN, VT, P, S) ，
則從最複雜到最簡單的文法依序為︰

Type-0 文法︰P 沒有任何限制。。

Type-1 文法︰又稱前後文相關 (context-sensitive) 文法，所有 P
裡面的規則都必須符合 Q1XQ2  Q1YQ2 的型態。
其中 Q1 and Q2  W (V = VN  VT), X VN, Y  W
(V), and Y  。

Type-2 文法︰又稱前後文無關 (context-free) 文法，所有 P 裡面的

規則都必須符合 X  Y 的型態，其中 X VN and Y
 W (V)。

Type-3 文法︰又稱有限狀態或正規 (finite-state or regular) 文法，
所有 P 裡面的規則都必須符合 X  Y Z 或 X  Z
的型態，其中 X, Y VN, and Z  W (VT) 。



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 227

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 228



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 229

5.5.2 L-systems
 In computer graphics, natural simulation is an important 

application. In recent years many researchers have successfully 
developed new systems to model natural phenomena and objects 
by fractal geometry.

L-system (or Lindenmayer system) is a string rewriting system; it 
is developed by Astrid Lindenmayer in 1968. 

L-systems is a parallel rewriting grammar, which has been used to 
model numerous geometric fractal types and a variety of plants.

During the past decades various approaches based on the L-
system have also been used to simulate the botanical 
development scene by scene. 

Prusinkiewicz et al. (1987, 1988, 1989) presented several 
approaches based on L-system to simulate developmental models 
of plants.

An L-system consists of a set of symbols, an axiom (the initial 
string) and a set of production rules. On each rewriting step the 
production rules are applied to all non-terminal symbols in symbol 
strings. 
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An example of a simple L-system and the results of the first three 
rewriting step is illustrated as follows:

F Draw a segment of line.
+ Turn right without draw a segment of line.
- Turn left without draw a segment of line. 

(ii) An initial symbol string F+F+F+F.
(iii) A rewriting rule F  F+F-F-FF+F+F-F. 

(i) There are three symbols (F, +, –) in the L-system and each
symbol interprets an action as follows:

F

+_
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 The results of the first three rewriting steps 
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The applications of L-system can be divided into two basic 
categories:

(i) The methods in which the variety of forms is achieved primarily 
by modifying the geometric aspects of the branching 
structures. The topology results generated by the recursive 
algorithms is not controlled in detail. The best known methods 
of this category were proposed by Kawagushi (1982), Aono 
and Kunii (1984), and Bloomenthal (1985). 

(ii) The methods that make a smooth animation of plant 
development have been created by Miller (1988) (a growing 
coniferous tree) and Sims (1990) (artificially evolved plant-like 
structures), though the underlying techniques were not 
proposed in the literature. Prusinkiewicz et al. (1993) 
presented a mathematical framework called differential L-
system (dL-system) for modeling plants and simulating their 
development. 
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A. Feedback machine

A feedback process is a fundamental in all exact sciences. It is a 
standard procedure to model natural phenomena (Peitgon et al., 
1993); the same operation is carried out repeatedly, and the output 
of one iteration being the input for the next one. 

An L-system can be recognized as a special feedback machine. 

A feedback machine consists of three storage units (IU : input unit, 
OU : output unit, and CU : control unit ) and one processor which 
are connected by four transmission lines. 
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There are preparatory and running cycles, each of which can be 
broken down into elementary steps:
(i) Preparatory cycle: 

step 1: load information to IU,
step 2: load information to CU, 
step 3: transmit the content of CU to PU.  

(ii) Running cycle: 
step 1: transmit the content of IU to PU, 
step 2: process the input from IU, 
step 3: transmit the result to OU, 
step 4: transmit the content from OU and load into IU.

To initiate the operations we run one preparatory cycle, then start a 
certain number of running cycles; the count of which may depend 
on observations which we make by monitoring the actual output. 
Execution of one running cycle is sometimes called one iteration.

Such an abstract machine may be executed by an appropriate 
computer program, or carried out using merely paper and pencil. 
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B. Various L-systems

0L systems

A 0L scheme is a pair S = <Σ, P>, where Σ (the alphabet of S) is a 
finite, nonempty set, and P (the set of productions of S) is a finite, 
nonempty subset of , such that                                   .

A production                from P will be written as                  instead 
of              " is in P" (Herman and Rozenberg, 1975). 

A 0L system is a triple G = <Σ, P, >, where S = <Σ,P> is a 0L
scheme (called the scheme of G) and   (the axiom of G) is a 
symbol string over Σ. G is said to be propagating if and only if S is 
propagation and  ≠ Λ (the empty string). G is said to be 
deterministic if and only if S is deterministic (Herman and 
Rozenberg, 1975). 

D0L (deterministic 0L) system is the simplest class of L-systems; 
many kinds of development models are created based on it. 

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 236

 Let us consider strings built of two symbols a and b. For each 
symbol we specify a rewriting rule. The rule a → ab means 
that the symbol a is replaced by the symbol string ab and the 
rule b → a means that the symbol b is replaced by a. The 
rewriting process starts from a distinguished symbol string 
called the axiom. 

 An example of a D0L-system with axiom b. 
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 IL (Interaction L-systems)

 Definition
Let k and l be nonnegative integers. A <k, l> system is a four-tuple

G = <Σ, P, g, w>,
where Σ is a finite nonempty set (the alphabet of G),
ω is an element of Σ* (the axiom of G),
g is an element which is not in Σ (the marker of G),
P is a finite nonempty relation (set of productions of G)

such that 

(a) if
then 
(a.1) if , for some 

then ;
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(a.2) if , for some 
then ;

and 
(b) for every                                                          such that 

satisfy conditions (a.1) and (a.2) (we say in such a case that 

is applicable), there exists a in such that 
(Herman and Rozenberg, 1975).

 Any             system is also called an IL system. An 0L-systems is a 
context-free grammar, and an IL-systems is a context-sensitive 
grammar. 
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Bracketed L-systems

Lindenmayer (1968) introduced a notation for representing graph-
theoretic trees using strings with brackets.

The motivation is to formally describe branching structures found 
in many plants, from algae to trees, using the general frame work 
of L-systems. 

We introduce two new symbols:
[ push the current state of the turtle onto a pushdown stack.
] pop a state from the stack and make it the current state of the 
turtle.
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An example of a bracketed L-system is given as 

where
: {f, +, -} (alphabet)

f  move forward and a segment of line is drawn.
+  turn right by angle 450.
- turn left by angle 450.

: A (axiom) 
P: A → f [+f] [-f] A (production rule).

A generated bracked string, f[+f] 
[-f] f [+f] [-f] A, is interpreted. 
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T0L (Table 0L-systems)

The developmental behavior of many organisms depends on 
environmental conditions (such as dark, light, cold, warm, etc.) 
To describe the development of such an organism, one has to 
provide different sets of development rules according to different 
environmental conditions, with the assumption that at each 
moment of time only one such set is obeyed (Herman and 
Rosenberg, 1975).

Many plants change morphogenesis from the vegetative state to 
the flowering state in response to an environmental factor (such 
as the number of daylight hours or temperature). We can model 
the development by using one set of productions (called a table) 
for several derivation steps before replacing it by another table 
(Prusinkiewicz and Hanan, 1989).    
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For example, 

Table 1 : A
P1: A → I[L0] A
P2: Li → Li+1  i ≧0

Table 2 P1: A → I[L0] B
P2: B → I[IF0] B
P3: Li → Li+1  i ≧0
P4: Fi → Fi+1  i ≧0

When the control unit reaches some critical conditions (such as 
the clock counter gets some value) during Table 1 being used, 
T0L-system will replace Table 1 by Table 2 and continue the 
derivation processing.
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Parametric L-systems

Parametric L-systems (Prusinkiewicz and Hanan, 1990) 
operate on a parametric word which are strings of modules
consisting of symbols with associated parameters. The 
symbols belong to an alphabet Σ, and the parameters 
belong to the set of real numbers R. 

A module with symbols and parameters                         
is denoted by                           Every module belongs to a 
set, where           is the set of all finite sequences of 
parameters. The sets of all strings of modules and all 
nonempty strings of modules are denoted by                              

, respectively. 
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 A parametric 0L-system is a 4-tuple 

where Σ is an alphabet,
V is a set of formal parameters, 

is a nonempty parametric string called an axiom, and 
P is a finite set of production rules (Chien and Jurgensen, 1992). 

An example of a parametric 0L-system is given as follows: 

where 
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 The first three derived strings of the 0L-system. 

 D0L-system, bracketed L-system, and parametric L-system have been 
commonly used in computer graphics to model plant development.

 The essential difference between Chomsky grammars and L-systems 
lies in the method of applying productions (Prusinkiewicz and Hanan, 
1989). 

 In Chomsky grammars productions are applied sequentially, one at a 
time, whereas in L-systems productions are applied in parallel and all 
non-terminal symbols are simultaneously replaced in a given string. 
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C. Graph-theoretical and botanical trees
 In plant modeling, a branching structure or "tree" must be carefully 

defined to avoid ambiguity.

We introduce an axial tree which complements the graph-theoretic notion 
of a rooted tree (Preparata and Yen, 1973) with the botanical motivated 
notion of branch axis as shown in the following figure.
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 The concept of axial tree is useful to the creation of production rules in a 
L-system. 

 A rooted tree has edges which are labeled and directed. The edge 
sequences form paths from a distinguished node called a root or a base
to terminal nodes.

 In a biological context, these edges are referred to branch segments. A 
segment followed by at least one segment in a path, is called an 
internode. A terminal segment (with no successive edges ) is called an 
apex.

 An axial tree is a special rooted tree. Attach of its nodes we distinguish at 
most one outgoing segments is called an axis if:
‧the first segment in the sequence originates at root of the tree or as

a lateral segment at some node,
‧each subsequent segment is a straight segment, and
‧the last segment is not followed by any straight segment in the tree.
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 Together with all its descendants, an axis constitutes a branch. A 
branch is itself an axial (sub) tree.

 Axes and branches are ordered. The axis originating at the root of 
the entire plant has order zero. An axis originating as a lateral 
segment of an n-order parent axis has order n+1. The order of a 
branch is equal to the order of its lowest-order or main axis.

 Axial trees are purely topological objects. The geometric 
connotation of such terms as straight segment, lateral segment 
and axis should be viewed at this point as an intuitive link 
between the graph-theoretic formalism and real plant structure.
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D. Modeling mechanism
While some L-systems which generate interesting plant-like structure 

can be obtained by trial-and-error, it is advantageous to have a more 
systematic approach to modeling of plants. 

 In order to model a particular form, we attempt to capture the essence of 
the developmental process which leads to this form. 

 The developmental approach to plant modeling has the following 
distinctive features:

‧Emphasis on space-time relationship among plant parts.
In many plants, various developmental stages can be observed at the 
same time. For example, some flowers may still be in the bud stage, 
others may be fully developed, and others may have transferred into 
fruits. If the developmental technique is consistently used down to the 
level of individual organs, such phase efface are reproduced in a 
natural way
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‧Inherent capability of growth simulation.
Since the entire developmental process is captured by a 
mathematical model, it can be used to generate biologically correct 
images of plants at different ages and to provide animated growth 
sequence (Helle et al., 1978).

 In order to faithfully simulate plant development, we simulate natural 
control mechanisms.

 In biology, the mechanisms are divided into two classes called lineage 
non-interactive and interactive mechanisms.

 The lineage and interactive are just the context-free and context-
sensitive in L-system, receptively. The L-system can be implemented to 
match either lineage mechanism or interactive mechanism.
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 The relationship among L-systems and biological mechanisms 
are listed in 
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B. Generating a sequence of frames

We get a symbol string after every rewriting step. Let Sn be the symbol 
string generated after the nth rewriting step; n also denotes the age of    
the plant. Sn corresponds to a growth frames; we will generate nine 
additional growing frames between Sn and Sn+1, 0     n     24.

 All non-terminal symbols in Sn represent the topologic characteristics,  
and  the topologic characteristics of all frames between Sn and Sn+1 is 
the same as  that of Sn+1 as shown in

Topologic forms in a period of time.
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 Geometric characteristics (e.g. scale, shape, and related position) of     
each organ is gradually growing from zero according to its own growth 
function. The variation in the development process is smoothed because     
a continuous sigmoid function is used to describe the development.

 One example of development showing the topologic and geometric     
characteristics of the extended symbol strings:
n = 0   f(0)
n = 1   f(1) [^ f(0)] f(0)
n = 2   f(2) [^ f(1) [& f(0)] f(0)] f(1) [& f(0)] f(0)
is shown in
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 We summarize the procedure generating a frame at time t 
between age n and n+1 as follows:

i. Calculate the attribute values, radius and length of stem, 
scale and shape of leaves, etc. for each organ
attribute value = f(t) * growing_range. 

ii. Drawing each organ according to the calculated 
attribute values above.

iii. Integrating the topologic and geometric form to a 
complete frame.
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 Experimental results

Age = 5

Age = 7
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Age = 9

Age = 11
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Age = 13
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5.5.3 Other botanical animation models

A. Parameterized model 

Aono and Kunii (1984) and Oppenheimer (1986) presented 
parameterized approaches to simulate botanical tree. 
Through these parameterized approaches were presented to 
model botanical trees, they can apply to other plants well. 

Two preprocesses are needed for parameterized method: 
analyzing the forms of botanical objects and choosing a set 
of parameters to describe growth of botanical objects. The 
major parameters consist of:
‧angle between main stem and branches,
‧size ratio of main stem to branches,
‧rate of stem tapers,
‧amount of helical twists, in branches,
‧The number of branches per stem segment, etc.
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 One example of modeling botanical tree using parameterized 
model. 

 The shortcoming of parametric method is its rigid 
development. Reffye et al. (1988) improved the 
parameterized method by using a random model and 
emphasizing the visual reliability. 
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 The concept of the method is the activity of buds at discrete 
time and clock signal. Each bud has several different activity 
(such as growth, deadness, and pause), and an activity is 
randomly selected in a pre-defined range with a specific 
distribution. 

 Through applying random function to simulate plants can 
get a better result, the control is not easy.

B. Fractal models
 Smith (1984) introduced the relationship between fractal and 

L-system and explained several fractal objects by bracketed 
0L-system.

 Oppenheimer (1986) presented an approach to model and 
animate fractal plants and trees. Recursive branching at 
many levels of scale is a primary mechanism of growth in 
most plants.  
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C. Particle systems

 A particle system is a collection of many minute particles 
that together represent a fuzzy object. Over a period of time, 
particles are generated into a system, move and change 
form within the system, and die from the system. 

 Reeves (1983) introduced a method of particle system to 
model fuzzy objects such as cloud, smoke, water and grass. 

 The parabolic trajectory of each particle over its entire 
lifetime is drawn, the time-domain motion of the particle is 
used to make a static shape. Each trajectory of a particle 
becomes a simple representation of a blade of grass and 
the particle system as a whole becomes a clump of grass. 
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 A picture entitled 'white sand' by Smith (1983) 
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5.5.4 Other animation models

 Hierarchical model, derive-based model, and physical 
model may combine with the parameterized model in use.

 Hierarchical model
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 Device-based model
It means using motion capture devices to record motion 
information of live objects, then replay the motion on a 
virtual model.
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5.6 Physical modeling
The principal tasks of the surgical simulation system are

(i)  to construct physical behaviors for organs and tissues and
(ii) to control the interaction of tactile/force feedback.

Useful interaction with virtual tissues demands the encoding of 
realistic 
behavior into the tissue’s formal description. In a physically-based 
approach, such a behavior is intrinsic.

The vertices in a physically-based model are additionally qualified 
by mass, velocity, and acceleration vectors and edges are 
represented as springs with linear or exponential behavior, 
stiffness and damping constants. Tissue characteristic can be 
configured by editing the physical parameters of the involved 
springs and mass points as shown in following figure.
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(J. R. Merril et al., 1994).



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 267

5.6.1 Physical behaviors
 An optimal training simulator should accurately replicate the 

physical and physiological properties of the real procedure.  That 
is, the organs in the body must be programmed with “behaviors”, 
and basic principles of physical so they “know” what to do when 
they are grasped, cut, tugged, stretched, etc.  In addition, the 
surgical simulator must have a  knowledge of how each 
instrument interacts with the tissues.

The considered physical attributes for the actions of grasped, 
drag, cut, tugged, stretched, etc. include: 
(a) mass (質量),
(b) density (密度),
(c) velocity (速度),
(d) acceleration (gravity) (加速度、重力),
(e) collision detection (碰撞偵測),
(f) stiffness (硬度),
(g) deformation (tapering, twisting, bending, and scaling) (變形：

變尖、扭曲、彎曲、縮放)
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(h) elasticity (彈性),
(i) plasticity (可塑性),
(j) viscousness (黏性),
(k) fracture (破碎、裂縫),
(l) friction (摩擦力),
(m) compression (壓力),
(n) scattering (擴散性).

Several physical modeling methods have been proposed:
mass-spring model,
continuous model,
approximate continuous model, and
hybrid model.
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5.6.2 Mass-spring models
 Mass-spring model is the simplest physical-based technique that 

has been used widely and effectively for modeling deformable 
objects. An object is modeled as a collection of point masses 
connected by springs in a grid mesh structure. The springs are 
linear (Hookean’s law) or nonlinear such as exponential behavior. 
The lattice structure of a mass-spring model is shown as follows.

m

k
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Each spring exerts along its length an equal and opposite force 
on the two mass points it connects. The Newton’s Second Law 
governs the motion of a single mass point in the lattice

where mi is the mass of a point, i is damping constant,    and       
are representing velocity and acceleration away from its rest 
position. The terms on the right-hand side are the forces applied 
on the mass point. gij is the exerted force from its neighbor point j
or gij is spring force, and fi is the external force. For the entire 
system, all mass points can be collected into a matrix form as

where M is the mass matrix, C is the damping matrix, and K is 
the stiffness matrix. M and C are diagonal matrices. K has a 
property of banded, because of spring force is exerted from 
neighbor points. The vector f represents external forces. The 
system can be solved using a time-step integration procedure.
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 A mass-spring model is a discrete physical-based deformation 
modeling. It is easy to construct and can be possibly used at the 
frame rate that is not possible with most continuum methods in a 
low-end personal computer.

5.6.3 Approximate continuous models
 Finite element methods (FEM) is a continuum model. FEM

divides the object into a set of elements with containing nodes 
and approximates the continuous equilibrium equation over each 
element as a finite sum of element-specific interpolation, or 
shape, functions. The solution is subject to constraints at each 
node points and the boundary element so that continuity between 
the elements achieved.

 Finite element methods provide more physically realistic 
simulation, but they need complex computations. Therefore, finite 
element methods need more computation power, and it is difficult 
to apply FEM to the deformable models in the real-time 
applications.
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 In 1987, Terzopoulos et al. proposed a deformation 
modeling technique intended for generalized flexible 
objects. The formulations based on the elasticity theory 
express the interactions between vertices of object using a 
stiffness matrix that stores elastic properties of the 
materials. The approximate continuum modeling is still 
numerically time-consuming.



Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 273

5.6.4 Other physical models
 Traditional geometric-based modeling techniques do not consider 

the physical properties of models. They are generally based on 
the purely mathematical theories of parametrically described 
geometry. Hence, the deformation based on geometric-based 
modeling does not provide a intuitive control under minimum 
energy as do physical-based modeling techniques. However, 
They have the advantage of short execution time. 

 The deformation based on physical-based modeling provides an 
effective way that is minimum energy approach to treat the 
correct physical deformation. They are based on physical laws. 
So the deformation has a realistic elastic behavior. However, 
physical techniques normally involve solving a large set of 
differential equations or iterating the process many times to 
search for an minimum energy. They require longer computation 
time than other techniques.
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 The hybrid techniques combine geometrical- and physical-
modeling techniques. The techniques usually employ a 
geometrical-based modeling technique to determine a rough 
shape and then use a physical-based modeling technique 
based on elasticity theory to refine the structure. Hence, the 
hybrid techniques exploit the advantages of both geometric-
and physical-based modeling techniques.

We her propose a hybrid technique for surgical simulation. 
The hybrid approach combines the techniques of the direct 
manipulation of free form, the approximate continuum 
model, and mass-spring model. The approximate continuum 
model is used for model deformation and the mass-spring 
model is used for force-feedback display.
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u

v

w

Free-form 
deformation

Physical-based 
approximate-
continuous model

The object is modeled by a mass-spring model.

 The free-form deformation
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 The comparison of three physical-based deformation 
modeling methods

Method
Condition

Mass-spring
modeling

Approximate 
continuum 
modeling 

Finite element
modeling

Computation
time Fastest Medium Slow

Topology
change Suitability Non-suitability Non-Suitability

Volume
preserving

Only solid 
model

Only solid 
model

Only solid 
model

Realism Medium Better Better
Geometric

representation
Arbitrary 
meshes Grid meshes Arbitrary 

meshes 
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5.6.5 Several laparoscopic surgical operations

 All images are courtesy of Forschungszentrum Karlsruhe, 
Germany (KISMET: Laparoscopic Surgery Trainer)

Injection.                                      Sucking.
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Cutting.                                    Squeezing.
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Cutting.                                          Washing.
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Sewing.                                           Burn.
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Cutting with a sling.                        Fasten with nails.
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 Cardiac surgery simulation with force feedback 
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5.6.6 Force feedback instruments

 To accurately simulate the interaction between the surgeon 
and the surgical instrumentation, attention is needed on the 
design of proxy surgical instruments which allow the 
surgeon to interact with the simulation.

 Several factors must be considered in the design and 
implementation of tools for surgical simulation. These 
factors include: rapid and accurate tracking of instrument 
position. Realistic “feel” of the instruments and provisions 
for tactile feedback are all important in the design of 
simulations (J. R. Merril et al., 1994).

Virtual Reality                          5. Construction of VEs                         NCU IPVR Lab. 286

 Immersion Corporation 
purchases virtual laparoscopic instruments for laparoscopic 
surgical simulation, called Laparoscopic Impulse Engine as 
shown in

(a) Virtual laparoscopic                 (b) Laparoscopic    
interface. Impulse Engine.
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5.7 Force rendering
 A force rendering example

In a haptic environment composed of a virtual stylus and a 
virtual twist plane with a brick texture. We move the stylus 
to feel the force feedback.
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A perceptually-inspired force model for haptic texture rendering

 A force model for haptic rendering that addresses geometric 
and dynamic factors associated with roughness perception 
was presented. The force model creates virtual texture 
stimuli by computing forces and torques proportional to the 
gradient of penetration depth. The model can be regarded 
as a generalization of previous 3-DOF haptic texture 
rendering techniques.


